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Abstract
Simulation has been applied to diverse domains such as urban growth modeling and mar-
ket dynamics modeling. Some of these applications may require validations, based on 
some real-world observations modeled in the simulation. This validation can be conducted 
as either qualitative face-validation or quantitative empirical validation; however, as the 
importance and accumulation of data grows, the importance of quantitative validation has 
been highlighted in recent studies. The key component of quantitative validation is finding 
a calibrated set of parameters to regenerate the real-world observations in the simulation 
models. While the parameter of interest to be calibrated has hitherto been fixed throughout 
simulation executions, we expand the static parameter calibration in two dimensions in this 
study, dynamically and heterogeneously. The dynamic calibration changes the parameter 
values over the simulation period by reflecting the simulation output trend, and the hetero-
geneous calibration changes the parameter values per simulated entity clusters by consider-
ing the similarities of the entity states. We experimented with the proposed calibrations on 
a hypothetical case and a real-world case. For the hypothetical scenario, we used the wealth 
distribution model to illustrate how our calibration works. For the real-world scenario, we 
selected the real estate market model. The models were selected, because of two reasons. 
First, they have heterogeneous entities, being agent-based models. Second, they are agent-
based models exhibiting real-world trends over time.
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1  Introduction

Simulation has been useful in market modeling [9], traffic management [56], and urban 
planning [35]. These simulations are real-world-based validated simulations of well-
defined scenarios. Because of the detail and fitness to the real world, simulation becomes a 
meaningful tool for designing, managing, and analyzing modeled real world. While model-
ers accept the fundamental requirement of the validation [4], many simulation models are 
validated through model input parameter calibrations that can be easily invalidated, as time 
progresses or heterogeneity arises in the simulations. Some modelers manually calibrate 
the parameters to improve the fitness, but such an effort often doesn’t work well, in particu-
lar, in the case of agent-based models which describe an emergence through the interac-
tions among individuals.

A simulation world often diverges from the real world, as the simulation progresses, and 
the parameter calibration should accommodate this deviation over the simulation period. 
If we utilize handpicked or heuristically chosen parameters, we cannot mitigate the natu-
ral divergence as often as necessary. Hence, a common practice in the field is to calibrate 
the simulation parameters up-front, or over the predetermined period [83], and use them, 
regardless of the divergence of the simulation from the real world in the simulation run-
time. Therefore, if we intend to accommodate the parameter calibration as often as neces-
sary, we need to design an automatic calibration method that can resolve the natural diver-
gence of simulation from the real world.

This automatic calibration is based on two functionalities: when to calibrate and how to 
calibrate. As the simulation diverges from the real world, the automatic calibration needs 
to determine the best timestep in the simulation to calibrate, for instance, calibrations in 
every simulation timestep in extreme cases. Moreover, if we consider the heterogeneity of 
simulated entities in the model as the source of divergence, the automatic calibration needs 
to determine the groups of entities to be calibrated. After deciding when to calibrate, the 
automatic calibration requires a component of how to calibrate.

In this study, the parameters to be calibrated are divided into two groups: dynamic 
parameters and heterogeneous parameters. The dynamic calibration is based on the 
assumption that there is a set of dynamically varying parameters that is shared across simu-
lated entities at a certain timestep. The economic trend is an example of dynamic param-
eters. To calibrate the dynamically varying parameters, we extract unobservable regimes 
[30] that explain the temporal dynamics of interest. The unobservable regime is a hidden 
structure of time-dependent simulation that is extracted by applying a regime detection 
method [7, 24] to the deviation of observations and simulation results. The algorithm itera-
tively minimizes the fitness by exploring the dynamic parameters on under-fitted regimes, 
and exploiting the dynamic parameters on well-fitted regimes.

On the other hand, the heterogeneous parameters are a set of parameters that (1) vary 
from agent sub-population and (2) is static on the timesteps. The algorithm estimates the 
optimal heterogeneous parameter values by assigning the most suitable values to each clus-
ter. The validity of heterogeneous calibration lies on the assumption that the agents with 
similar state variables will have similar criteria on action. Therefore, the agent clusters, 
a hidden structure for simulation, are extracted from the agent-level state variables. More 
specifically, agents with similar state variables are grouped together. Because the clustering 
methods suffer from the curse of dimension, to enhance the clustering performance, the 
algorithm learns the dimension-reduced latent vector for each high-dimensional agent state 
variables [37], and applies a clustering method [7, 79] to the obtained latent vectors.
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The suggested calibration methodologies, dynamic calibration and heterogeneous cali-
bration, can be deployed in a single framework wherein the methods utilize hidden struc-
tures extracted from simulation state variables for improving the calibration. Specifically, 
our framework captures the important observation that the simulation results of interest are 
driven by the hidden structures embedded in the simulation. For instance, dynamic calibra-
tion can capture the deviation patterns by extracting the hidden dynamic regimes; hetero-
geneous calibration can find a clustered group of agents sharing the same parameter, and 
the heterogeneity of individuals will be abstracted as their group heterogeneity. We limit 
our algorithm to in-sample validation, which focuses on constructing a highly descriptive 
model to replicate the real-world data.

The rest of this paper is organized as follows: Sect. 2 presents the problem formulation 
of the simulation calibration; Sect. 3 surveys the previous works on simulation calibration; 
Sect.  4 provides the preliminary machine learning algorithms for the proposed method; 
Sect. 5 introduces the proposed calibration framework and Sect. 6 illustrates the analysis of 
the proposed method using two examples; finally, Sect. 7 explains assumptions and limita-
tions of the proposed method and Sect. 8 concludes the paper.

2 � Problem formulation

In simulation verification and validation, parameter calibration is a mean to validate the 
model by estimating the optimal parameter, which maximizes the similitude of the simula-
tion result to the real-world observation. In this Section, we present the procedural view 
and the mathematical view of the simulation calibration.

2.1 � Procedural definition of simulation calibration

Simulation verification and validation is at the core of the modeling process for the sys-
tem of interest [38, 45, 82]. The procedure of simulation verification and validation varies 
according to the simulation model, we adopt the view of [66] (Fig.  1). The verification 
is a process of ensuring the accuracy of the implementation of the computerized model. 
The validation is a procedure of verifying that the modeled stochastic process is a good 
representation of the real-world phenomena under study. The validation consists of two 
processes: conceptual model validation and operational validation. The conceptual model 
validation guarantees that the conceptual model represents the underlying mechanism 
of the real world authentically. The operational validation is a process of determining if 
the simulation model’s output sufficiently satisfies the accuracy required for the model’s 
intended purpose. An iterative process of verification and validation is required to develop 
a valid simulation model.

The parameter calibration is a key technique used in the agent-based model validation. 
The simulation outcome is sensitive on the input parameter, because a small change in 
the parameter values may amplify the nonlinear feedback in the system of interest. Cali-
bration consists of the qualitative calibration, which involves fitting the stylized facts, and 
the quantitative calibration, which involves fitting both the stylized facts and the numerical 
output trend [66]. In this study, we focus on the quantitative calibration, a sub-process of 
the operational validation, wherein the model parameters are adjusted through the quanti-
tative calibration to minimize the discrepancy between the real-world observation and its 
counterpart derived from the simulation. The set of parameters to be calibrated needs to 



	 Autonomous Agents and Multi-Agent Systems (2021) 35:46

1 3

46  Page 4 of 66

be selected before calibration. The calibration often requires several iterations to find the 
optimal parameters.

The discussion on whether the calibration process is subsumed under verification or 
validation originates from much deeper fundamental arguments. If we consider calibration 
as a part of verification, we regard the calibrated parameters as a part of implementation 
on the model behavior program. Otherwise, if we consider it as a part of validation, we see 
the calibrated parameters as a part of the scenario drawn from the real world. The latter 
perspective is taken in this study, because we intend to vary the parameters based on the 
variations of validation datasets. Underneath this usage, we hypothesize that a modeler can 
build a generalized model to be applied to diverse real-world scenarios, if the fundamen-
tally modeled dynamics are the same.

2.2 � Mathematical formulation of simulation calibration

To eliminate unnecessary information that causes over-fitting from the observed empiri-
cal data, we pre-process the observation into reduced-form summary statistics. The choice 
of the summary statistics varies from the purpose of simulation; for example, Guerini 
and Moneta [28] extracts the reduced-form stylized facts by using structural vector auto-
regression [11, 13] to analyze the domain-specific stylized facts, and Heppenstall et al. [33] 
chooses the spatial average (first moment) as the summary statistics for comparison. 
Throughout the paper, xobs denotes the pre-processed summary statistics of the empiri-
cal data, and the simulation result M(�;�) is the corresponding summary statistics, see 
Table 1 for the nomenclatures.

To determine an objective function to be optimized, we introduce a measure d that cal-
culates the discrepancy between the simulation and observation: for instance, Barde and 
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Computer
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Fig. 1   Model development process (from [66])
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Table 1   Description of notations

Notation Description

Collected data
xobs Empirical validation summary statistics. xobs ∈ ℝ

P×T

Dagent Agent-level simulation result to cluster agents. Dagent = {xa|a = 1, ...,A} , 
where xa ∈ ℝ

Q×T

Dlat Representational compressed data. Dlat = {za|a = 1, ...,A} , where za ∈ ℝ
L

D1∶n Input (heterogeneous parameters) and output (discrepancy) pairs up to n 
calibration iterations

Simulation model
M Agent-based model
� Space of simulation calibration parameter, 𝜃 ∈ 𝛩 ⊆ ℝ

d

� Space of nuisance variable that determines the sample path, � ∈ �

P Dimension of summary statistics, per a timestep, of the simulation model 
output variables

Q Dimension of simulation agent-level state variables per a timestep
T Number of simulation timesteps
A Number of simulation agents
Overall calibration
d Simulation discrepancy measure
d̂ Monte-Carlo estimation of the discrepancy function d
J Number of simulation replications in estimating the discrepancy function
N Number of calibration iterations
Dynamic calibration
Nt Number of consecutive dynamic calibration iterations
�t Dynamically varying simulation parameters to calibrate
Dt Number of dynamically varying parameters to calibrate
�
t,i

n,l
l-th dynamic parameter value at n-th calibration iteration, t-th time, and i-th 

particle
�l

Upper bound of search space of l-th dynamic parameter
�
l

Lower bound of search space of l-th dynamic parameter
� Number of particles (candidate hypotheses) in estimating the parameter 

posterior
𝜇̂t,i
n

Empirical average ofi-th particle simulation result at n-th calibration iteration 
and t-th time

Σ̂t,i
n

Empirical covariance of i-th particle simulation result at n-th calibration itera-
tion t-th time

Lt,i
n

Likelihood of xobs being observed as simulation outcome at n-th iteration, t-th 
time, and i-th particle

Ot,i
n

Observable variable of Hidden Markov Model at t-th time and i-th particle

R
t,i
n

Unobservable hidden regime of t-th time, i-th particle and n-th iteration
Kt Number of hidden regimes in HMM
M Number of merged regimes along particles
Γm
n

Merged regime for the separation of simulated timesteps
�m,l, �m,l Shape parameters for parameter posterior distribution at m-th merged regime 

and l-th parameter
Hetero-geneous calibration
Nk Number of consecutive heterogeneous calibration iterations
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Van Der Hoog [3] utilizes the Markov information criterion [2] as the discrepancy meas-
ure, and Lamperti et al. [40] adopts the mean square error to measure the discrepancy. The 
scalar-valued discrepancy measure d(M(�;�), xobs) is a function of the simulation input 
parameter � and the nuisance variable � that determines the stochastic outcome path. To 
eliminate the effect of the random nuisance variable � , we select the average over simu-
lation replications ��∈�[M(�;�)] . The discrepancy function d(��∈�[M(�;�)], xobs) cap-
tures the difference between the observation and the underlying dynamics given input � , 
and this objective function is stabilized with respect to the variability arising from the nui-
sance variable � . We use the abuse of notation to denote d(�) as the discrepancy measure 
d(��∈�[M(�;�)], xobs) throughout the paper.

In this study, the parameter calibration is defined as the optimization problem of esti-
mating the optimal parameters that yield the most consistent result with real-world 
observations:

3 � Literature review on simulation calibration

This section presents a literature review on the simulation calibration, and this survey was 
conducted from two viewpoints: from the algorithms applied in the simulation calibration 
and from the related research on agent-based model calibration.

(1)�∗ = argmin�∈�d(��∈�[M(�;�)], xobs),

Table 1   (continued)

Notation Description

�k Agent-specifically varying simulation parameters to calibrate
Dk Number of heterogeneously switching parameters to calibrate
L Dimension of hidden representation of agent state variables
za Latent representation (L-dimensional) of a-th agent state variables xa
Kk Number of agent sub-populations
� Mixture probability of clustering algorithm
c Agent cluster assignments c = {ca}

A
a=1

 , where ca ∈ {1, ...,Kk}

� Kernel function used in surrogate modeling
� Differentiability of the kernel function
ℍ Parameter search space of Bayesian optimization
d̂
1∶n

Minimum of the estimated discrepancy in D1∶n : d̂1∶n = min1∶n d̂(𝜃i)

�d(�|D1∶n) Average of predictive distribution in Gaussian process regression estimated 
with D1∶n

�d(�|D1∶n) Standard deviation of predictive distribution in Gaussian process regression 
estimated with D1∶n

wn Exploration rate of weighted Expected Improvement
�1 Probability of choosing next parameter randomly
�2 Probability of choosing next parmaeter based on the posterior variance �d
�3 Probability of choosing next parmaeter based on the posterior mean �d
dc Minimum discrepancy dc = min�k d

c(�k) with given agent cluster assignments 
c = {ca}

A
a=1



Autonomous Agents and Multi-Agent Systems (2021) 35:46	

1 3

Page 7 of 66  46

3.1 � Calibration methodologies on simulations

This section analyzes techniques that have been applied to the simulation calibration, 
such as derivative-based algorithms, heuristic algorithms, Bayesian inference algo-
rithms, and Bayesian optimization algorithms (please refer to Table 2).

Derivative-based algorithms The derivative-based calibrations minimize 
the discrepancy d(�) using the gradient descent methods under the derivative 
∇�d(�) = ∇�d(��∈�[M(�;�)], xobs) . The derivative calculation ∇�d(�) requires the 
inner derivative ∇�M(�;�) , which is unattainable, because the agent-based simulations 
M depend on the discrete event-based state changes. Therefore, the derivative-based 
calibration requires derivative estimation techniques, such as the finite difference [64] 
or the infinitesimal perturbation analysis (IPA) [77]. A variant of the finite difference 
method suffers from the high evaluation cost required to calculate the derivative value at 
a point � [64] . Meanwhile, the IPA [77] approximates the derivative using a single shot 
of evaluation; however, the high variance of the approximated derivative value makes 
the IPA too volatile in simulation calibration.

Heuristic algorithms Heuristic algorithms have been extensively applied to the simu-
lation calibration in practice. Although the heuristic algorithm often provides no guar-
antee of the global optimality, some with simple and intuitive ideas still improves the 
simulation fitness to the real-world validation including the high-dimensional calibra-
tion [75]. Nguyen et al. [57] presented several features of the heuristic algorithm which 
lead to this success in the simulation calibration: (1) it is robust on the task of global 
optimization for highly nonlinear multi-modal discontinuous functions; (2) the evolu-
tion algorithm is designed to align well with parallel computations in multi-processor 
computers, and, furthermore, the parallelization has a favor in a computationally expen-
sive simulation optimization; (3) it is efficient to the scalability, which means that it is 
effective in the calibration of agent-based models with many parameters to optimize; 
(4) it can be applied to both continuous and discrete parameters, which enables both 
the simulation parameter � and the simulation structure (out of finite number of alterna-
tives) to be optimized simultaneously.

By manipulating such advantages, for example, simulated annealing [32] and evolu-
tionary algorithms, such as particle swarm optimization [58], genetic algorithm [75], 
and evolution strategy [31] were applied to the simulation calibration. Moreover, with 
the concept of natural selection, the evolution strategy shows an efficiency in the opti-
mization of the continuous agent-based model parameters [31]. It creates the next gen-
eration by randomly perturbing the best individuals of the iteration according to a per-
turbing continuous distribution, and the perturbation distribution is updated for every 
iteration to improve the generation efficiency. Among various update schemes, for 
example, the covariance matrix adaptation [31] updates the covariance in order to maxi-
mize the likelihood of the previously successful individuals.

Bayesian inference algorithms The bottom-up approach of the agent-based 
model does not permit the attainment of the analytic solution with respect to the 
response variables. In the absence of knowledge on the analytic solution, the like-
lihood p(xobs|�) is intractable. Here, given that the likelihood is calculated as 
p(xobs|�) = ∫ p(xobs|�,�)p�(�)d� = ∫ �

(
d(M(�;�), xobs)

)
p�(�)d� (where p� is the dis-

tribution of the nuisance variable � that decides the sample path), the exact likelihood 
formula is not derivable because the distribution p� and the set 

{
�|d(M(�;�), xobs) = 0

}
 

are unknown. The likelihood estimation through the Monte Carlo method is also 
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prohibitive because the delta distribution is a discrete, singular measure. The approxi-
mate Bayesian computation (ABC) [46, 72, 78] is a class of Bayesian inference algo-
rithms that infer the posterior p(�|xobs) of the simulation models when the likelihood 
p(xobs|�) is intractable. The ABC estimates the intractable likelihoods by approximating 
the discrete-typed delta distribution into one of continuous-typed distributions with its 
mass centered at the origin.

The rejection ABC [78] uses the box distribution to approximate the delta distribution, 
and estimate the approximate likelihood by counting the number of accepted particles via 
the rejection sampling, where the box distribution is a uniform distribution on a �-cube. 
However, the number of point evaluation (simulation) required to infer the approximate 
posterior in the rejection ABC is exponentially blowing up as the dimension increases. In 
addition, the rejection ABC is not robust on the choice of � . The Monte-Carlo Markov 
Chain (MCMC) ABC [46] improves the rejection ABC to boost the speed of the posterior 
inference by orders of magnitude. MCMC-ABC makes use of the MCMC to choose the 
next sample, and the use of MCMC dramatically reduces the number of samples rejected 
by the algorithm.

The sequential Monte Carlo (SMC) ABC [72] approximates the posterior distribution 
through the particle filter approach. First, it samples � number of initial particle parameters 
{�i

0
|i = 1, ..., �} from the initial distribution �1 . Then, it evaluates the simulation using the 

candidate particles �i
0
 for i = 1, ..., � , following which it calculates the likelihood p(xobs|�i0) 

of each particle. The likelihood is approximated from the Monte Carlo estimation through 
the assumption that the �0-rejection distribution is the substitute of the delta distribution: 
p(𝜃i

0
�xobs) = ∫ 𝛿(d(M(𝜃i

0
;𝜔), xobs))p𝛺(𝜔)d𝜔 ≈

1

J

∑J

j=1
�(d(M(𝜃i

0
;𝜔j), xobs) < 𝜖0) . The next 

particles {�i
1
|i = 1, ..., �} are sampled from the weighted initial samples, where the weight 

of the i-th particle is given as �i
1
=

p(�i
0
|xobs)

�1(�
i
0
)

 . To provide the randomness on the sampling 
procedure, we perturb �i

1
 by the kernel K. At the n-th iteration, the simulation evaluates the 

randomly perturbed samples �i
n
 and the likelihoods are approximated by the �n-rejection 

distribution: p(𝜃i
n
�xobs) ≈

1

J

∑J

j=1
�(d(M(𝜃i

n
;𝜔j), xobs) < 𝜖n) . Then, the weights for each 

particle is calculated by �i
n
=

p(�i
n
�xobs)

∑I

i�=1
wi�

n−1
�(�i

n
,�i

�

n−1
)
 . SMC-ABC can be seen as the nonparamet-

ric method to estimate the intermediate posterior distributions, because the denominator 
term 

∑I

i�=1
�

i�

n−1
�(⋅, �i

�

n−1
) is the nonparametric kernel estimation.

While SMC approximates the likelihood nonparametrically by approximating the delta 
distribution into a uniform kernel that uses the boxcar function, the synthetic likelihood 
(SL) [91] is a parametric approach to detour the likelihood intractability by imposing an 
explicit assumption on the summary statistics. For example, [91] assumes the Gaussian 
distribution to estimate the likelihood via p(xobs|𝜃) ≈ N(xobs|𝜇̂(𝜃), Σ̂(𝜃)) , where 𝜇̂(𝜃) and 
Σ̂(𝜃) are the empirical mean and the standard deviation of the J replications of the sum-
mary statistics {M(�;�j)|j = 1, ..., J} . Although the explicit distribution can be a source 
of bias in the Bayesian inference, the SL approach, with its fast inference due to explicit 
assumption, can be seen as an alternative of the ABC approach.

From the modeler’s perspective, utilizing the overall landscape of the posterior distribu-
tion p(�|xobs) would take a significant advantage in the calibration process; however, it also 
requires a tremendous number of simulation executions to estimate the posterior distribu-
tion even in a case of simple system dynamics models with few parameters. Therefore, the 
Bayesian inference is only applicable in agent-based models with limited evaluation cost 
and number of parameters.

Bayesian optimization algorithms Because the closed form of the expectation 
��∈�[M(�;�)] is unattainable, the discrepancy d(��∈�[M(�;�)], xobs) can only be 
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estimated through the Monte Carlo sampling of � ∈ � . Hence, the unwanted noise is 
injected in the process of estimating the discrepancy that requires the population expecta-
tion ��∈� . This sample path can only be estimated through a Monte-Carlo sampler, since 
the simulation attains no closed-form solution, except for the simplest forms. Therefore, 
the estimation noise yields response surface to have a highly rugged landscape, and the 
optimization techniques, developed under deterministic settings, fail to search the global 
optimum in such a stochastic setting. The Bayesian optimization (BO) is a probabilistic 
approach to handle the observation noise, so it is robust in optimizing a stochastic function 
[73]. In the BO, a stochastic function is approximated by a surrogate function, inferred by 
the Gaussian process regression (GPR) [84], and the BO samples a new evaluation point 
from the inferred surrogate function. Unlike the heuristic algorithms that are memory-
less except at the current point, the Bayesian optimization uses the entire sample history 
to compute a posterior of the stochastic function. Theoretical analysis on the BO has been 
studied extensively [50, 86], and this analysis provides the convergence of the stochastic 
function with some conditions [14].

Compared to the above methods, the proposed one utilizes both dynamic calibration, 
which is based on the sampling from a set of posterior distributions inferred from SMC 
with Synthetic Likelihood for each merged regimes, and heterogeneous calibration, which 
is based on GPR-based Bayesian optimization. Table 2 illustrates the detail comparisons 
between the proposed method and the previous works.

3.2 � Previous research on agent‑based model calibration

Before getting into the details on the agent-based model calibration, let us begin with a 
brief introduction of Agent-Based Model(ABM) for better understanding. The ABM 
describes a system of interest through the interactions among the heterogeneous agents 
residing in the system, and each intends to approach their own goals [62]. Such a bot-
tom-up modeling perspective allows a close fit between the model with the real-world, in 
particular, where many non-intuitive real-world phenomena arise from the decentralized 
micro-level agent behaviors [20]. From such characteristics, the ABM has been applied to 
battle-level military [17, 44, 69], microscopic or mesoscopic economic [80, 81], biological 
[15], and disaster evacuation [1] domains.

Although the bottom-up approach presents a highly descriptive model, ABMs are 
asked for the lack of theoretic explanations on their results. As an effort for resolving this, 
modelers proves the validity of their ABMs through either a qualitative alignment to the 
well-known emergent behaviors [16, 76] or a quantitative comparison with the real-world 
empirical data [3, 33, 40] (please refer to Table 3).

As an example of the qualitative methods, Calvez and Hutzler [16] investigates if an ant-
foraging ABM generates the well-known emergent behaviors in ecology, so they defined a 
domain-knowledge-incorporated fitness function that measures the degree of emergence 
for the collective behavior of interest. With the fitness function, they evaluated a number of 
emergent behaviors such as the formation of the ant lines and the total time taken to return 
all the food to the nest.

Other than a heuristic approach that is largely lack of theoretical analysis [33], the 
quantitative method moves toward a probabilistic surrogate meta-model approach that 
provides the theoretic guarantee and the estimation of the global optimal point of an 
irregular response surface. For example, [3] estimates the surrogate meta-model with 
Gaussian process regression, and Lamperti et  al.  [40] infers the meta-model by using 
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the XGBoost algorithm. However, the benefits of flexible meta-model comes at the cost 
of the increased number of simulation execution. In particular, the number of simulation 
run increases exponentially by dimension. Therefore, it is prohibitive to use the nearly-
orthogonal Latin hypercube sampling, the sobol sampling [53], or the uncertainty sam-
pling [41] for the next point selection algorithms. We want to recall that the purpose of 
calibration is not to discover the entire shape of the surrogate function, and the calibra-
tion should incorporate more efficient and robust optimization techniques, such as the 
Bayesian optimization.

Moreover, considering the structure of ABM, the expression power with only the 
static parameters may not be sufficient to capture the underlying non-stationary dynam-
ics in the real world. In such cases, It is required that some well-designed ABMs utilize 
dynamically and/or heterogeneously varying parameters to express the complex behav-
ior. The introduction of such various types of parameters would boost the modeling 
power by expanding the degree of freedom. However, the above previous works barely 
concerned on these traits in ABM, which eventually may lead to a question on their 
generality. Also, Considering such conditions, it would be indispensable that both more 
efficient and robust optimization techniques be applied to the ABM calibration.

The proposed framework incorporates dynamic and heterogeneous parameter calibra-
tions to resolve the above considerations. Specifically, the dynamic calibration aims to 
minimize the temporal divergence between the simulation and real world using a similar 
concept of SMC [72]. Also, the heterogeneous calibration aims to overcome a possi-
ble disadvantage occurring from the link between the macroscopic aggregate behaviors 
and the microscopic agent-level variables, using the mixture of Bayesian optimization 
[34]. By the iterative process using the dynamic and the heterogeneous calibrations, 
the proposed framework utilizes the hidden structures extracted from the simulation for 
improving the calibration results. Furthermore, since the proposed method also causes 
a significant increase in the optimization dimension, the proposed framework adopts 
machine learning techniques to restrict the rate at which the optimization dimension 
increases. Table 3 provides the detail comparisons of the proposed method and the pre-
vious ABM calibration works.

4 � Preliminary

In this section, we introduce the machine learning algorithms that we used in our cali-
bration framework to extract the hidden structures. These machine learning algorithms 
were used as components in our calibration framework. We presented a set of clustering 
models, a latent representation model, and a Bayesian optimization method with the 
response surface fitting model.

Clustering model for temporal regime detection The hidden Markov model (HMM) 
[7, 36] is a statistical graphical model that estimates the optimal regime indices {Rt}T

t=1
 

from the time-dependent observation data {Ot}T
t=1

 . The latent regime Rt at time t is a 
scalar-valued regime index that is determined from the latent regime Rt−1 of the previ-
ous timestep and the transition probability � . The observation Ot at time t is a multi-
dimensional vector that is assumed to be generated from the emission distribution F, 
with emission parameter �R

t . below is the generative process of the HMM.
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�init is the multinomial probability of assigning the cluster index R1 on the initial timestep, 
�Rt−1,Rt = p(Rt|Rt−1) is the probability of transiting from Rt−1-th regime to Rt-th regime, 
and Mult denotes a multinomial distribution. In this study, the emission distribution is 
Gaussian distribution, and the emission parameters are the mean and variance.

Regime detection, using the HMM, requires estimating both the regime indices and 
the HMM parameters. First, the HMM parameters �init,�v , and � are estimated using the 
Baum Welch algorithm [61], a variant of the expectation-maximization algorithm [6], 
given observation {Ot}T

t=1
 . Second, the Viterbi algorithm [61], a dynamic programming 

algorithm [5], infers the optimal regime indices {Rt}T
t=1

 , given trained HMM parameters 
and observations. Note that to maximize the likelihood, the similar observations will be 
grouped together.

Clustering models for agent heterogeneity In this subsection, we introduce the probabil-
istic clustering algorithms required for heterogeneous calibration: a parametric Gaussian 
mixture model (GMM) [7] and a nonparametric Dirichlet process mixture model (DPMM) 
[79]. The idea is to group agents that share similarities in their state variables. Similar to 
the HMM, the clustering algorithms have time independent cluster assignment variables 
{ca}

A
a=1

 as latent variables (subscript a denotes for the agents), and emission distributions F 
with emission parameters �ca

 . The emission distribution is Gaussian distribution for both 
the GMM and DPMM, and the emission parameters are the mean and the variance.

The GMM estimates the observation true density through the combination of the Gauss-
ian distribution. Given training dataset Dlat = {za|a = 1, ...,A} ( za ∈ ℝ

L is the latent vector 
of the agent state trajectory xa ∈ ℝ

Q×T , see Variational Autoencoder), the generative model 
of the GMM is as follows:

The likelihood p(za|�,�,�) of a single instance za is the mixture of the Gaussian distribu-
tion is given by 

∑K

k=1
�kN(�k,Σk) . The full likelihood p(Dlat|�,�,�) is the multiplication 

∏A

a=1
p(za��,�,�) , so the exponentially increasing terms cause the full likelihood to be 

intractable. Therefore, the EM algorithm [52], an iterative algorithm for maximum likeli-
hood estimation, estimates both the optimal maximum likelihood parameters and the opti-
mal cluster assignments. The algorithm iterates, to calculate the likelihood, and update the 
parameters.

Although the GMM is advantageous for its simplicity and fast estimation, it is affected 
by the pre-selected number of clusters K, which requires an additional model selection 
procedure to choose data-adaptive K. Having the observation that a common prior for � 
in the Bayesian GMM is the Dirichlet distribution, the DPMM selects a data-adaptive K 
by assuming the Dirichlet process [79] as the prior for the mixture weights � , where the 
Dirichlet process is the infinite-dimensional generalization of the Dirichlet distribution. 
A mixture weight � = {�k}

∞
k=1

 , sampled from Dirichlet process, is constructed through 
the stick-breaking process [70], or GEM distribution [21]; the weight �k is equal to 
��
k

∏k−1

k�=1
(1 − ��

k�
) , with ��

k
∼ Beta(1, �) , where the hyperparameter � controls the magni-

tude of K. The generative process of DPMM is as follows:

(2)
R

1 ∼ Mult(�init)

R
t|Rt−1 ∼ Mult(�R

t−1 )

Ot|Rt ∼ F(�R
t )

(3)
ca ∼ Categorical(�)

za|ca ∼ N(�ca
,Σca

)
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The DPMM assumes the prior distribution for the mixture weights � and the emission 
parameters � . The emission distribution of the DPMM is the Gaussian distribution, and 
the emission parameters are the mean �k and the variance Σk . The prior distribution G0 of 
�k = (�k,Σk) is the Gaussian-Inverse-Wishart distribution [54]. The parameters � and � of 
DPMM are inferred by maximizing the posterior distribution p(�,�|{za}Aa=1) . However, 
the posterior distribution in the DPMM is intractable; therefore, the maximum a posteriori 
parameters are estimated through a Gibbs sampling algorithm [55] in this paper.

Latent representation learning model Agent-level state variables often have a large dimen-
sion, which causes failure in extracting meaningful clusters when applying the above mixture 
models, due to the curse of dimension. The failure arises from the characteristic of the Gauss-
ian distribution. The (Q × T)-variate Gaussian distribution N(�,Σ) has most of its mass on 
the ellipsoidal shell of the Mahalanobis radius [43] 

√
trace(Σ) . When sampling from N(�,Σ) , 

2O(Q×T) number of samples are required to obtain a point within the radius 
√
trace(Σ)∕2 from 

� [19], which means the Gaussian distribution in high dimension cannot represent the density 
of clustered data appropriately. This phenomena leads agents assigned in an identical clus-
ter to have distant agent-level state variables. Therefore, we introduced a latent representation 
learning algorithm to compress the high-dimensional data into low dimensional data.

The variational autoencoder (VAE) [37] is a probabilistic latent variable model that 
extracts the latent representation Dlat = {za|a = 1, ...,A} from the agent-level states data 
Dagent = {xa|a = 1, ...,A} , where za ∈ ℝ

L and xa ∈ ℝ
Q×T . The structure of the VAE con-

sists of two neural networks: an encoder network Enc ∶ ℝ
Q×T

→ ℝ
L and a decoder network 

Dec ∶ ℝ
L
→ ℝ

Q×T . The hidden latent representation za of the original data xa is the output of 
the encoder network za = Enc(xa) . The extracted representation za is subsequently propagated 
to the decoder network to regenerate the original data as x̃a = Dec(Enc(xa)) . The vanilla ver-
sion of the VAE assumes the encoder output distribution has a standard L-variate Gaussian 
distribution N(0, I) as a prior.

To make the reconstructed output x̃a similar to the original input xa , the VAE maximizes 
the log-likelihood log p(x) . However, because the log-likelihood is intractable to calculate, an 
alternative loss function, the evidence lower bound (ELBO), is proposed as a supporting lower 
bound function. In detail, the formula below shows the ELBO.

The reconstruction term �q[log p(x|z)] calculates the cross entropy between the recon-
structed data x̃a and the original data xa . The regularization term, KL divergence KL(q||p), 
measures how much information is lost by using the encoder distribution q(z|x) to represent 

(4)

� ∼ GEM(�)

ca ∼ Mult(�)

�k ∼ G0

za|ca ∼ F(�ca
)

(5)

log p(x) = log�z

p(x|z)p(z)dz

= log�z

q(z|x)
p(x|z)p(z)

q(z|x)
dz

≥ �z

q(z|x) log
p(x|z)p(z)

q(z|x)
dz

= �q[log p(x|z)] − KL(q||p)
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the prior distribution p(z). Using a stochastic gradient descent method, the neural network 
parameters are learned. Note that maximizing the ELBO is equivalent to minimizing the 
KL divergence between the approximate parametrized posterior q(z|x) and the true poste-
rior p(z|x), i.e. the VAE estimates the posterior distribution p(z|x) using the proposal poste-
rior distribution q(z|x) estimated through amortized inference.

Gaussian process regression-based Bayesian optimization In this subsection, we 
introduce a Bayesian method to optimize a stochastic objective function, which con-
sists of two phases: function estimation phase and decision phase for the future 
evaluations. The Gaussian process regression (GPR) [8, 63] is a function estima-
tion phase that estimates the predictive posterior of the stochastic function under the 
given dataset D1∶n = {(𝜃1, d̂1), ..., (𝜃n, d̂n)} where d̂n is the Monte Carlo estimation 
d(

1

J

∑J

j=1
M(�n;�j), xobs) . The explanatory variables are the multi-dimensional param-

eters � , and the response variable is the scalar-valued discrepancy function d.
The objective function d is distributed according to the Gaussian process prior 

GP(0,�) , where � is the covariance of the prior. The GPR estimates the predictive dis-
tribution of a random variable with index � assumed as Gaussian distribution, as below.

Here, � = [��,�1
, ...,��,�n

]T , F =
[
d̂1, ..., d̂n

]T , and (cov)i,j = ��i,�j
+

1

�
�{i=j} , where ��,�′ is 

the kernel distance between � and �′ . The magnitude of � represents the variance for the 
Monte Carlo method to calculate the discrepancy d. The kernel function is chosen based on 
the joint consideration of the response curve shape and the meaning of each dimension of 
� . The training procedure for the GPR optimizes the kernel function hyperparameters that 
determine the shape of the kernel function �.

The decision phase uses Bayesian optimization [12, 60, 67, 73]. The Bayesian opti-
mization forms an acquisition function, and chooses the next evaluation point �n+1 by 
optimizing the acquisition function f.

Here, the search space ℍ is defined by ℍ =
�
� ∈ ��

�‖� − �i‖2 ≥ r for all �i ∈ D1∶n

�
 with 

the given radius r ≥ 0 . The strictly positive r > 0 forces the newly generated parameter �n+1 
to not be sampled from algready explored region, so it prevents optimization being stuck in 
a local optimum [25, 42].

An acquisition function embeds the exploration-exploitation selection criteria. A 
fully exploiting acquisition function is f (�|D1∶n) = −�d(�|D1∶n) , and the other extreme 
of acquisition function is f (�|D1∶n) = �d(�|D1∶n) so it fully explores the unvisited region 
in the search space.

The expected improvement (EI) [63, 73] acquisition function with 
f (𝜃|D1∶n) = ∫ ∞

0
P(d(𝜃) ≤ d̂

1∶n
− m)dm , where d̂

1∶n
= min1∶n d̂i , automatically trades off 

the exploration and the exploitation ratio. The closed-form EI formula is given below.

Here, � and � are the probability density function and the cumulative density function of 
the standard Gaussian distribution N(0, 1) , respectively. The first term in Eq. 8 is the explo-
ration term, that is, the predicted difference between the minimum of the simulation errors 

(6)p(d(�)|D1∶n) ∼ N(�Tcov−1F,��,� − �Tcov−1�) = N(�d(�|D1∶n), �
2
d
(�|D1∶n)),

(7)�n+1 = argmax�∈ℍf (�|D1∶n)

(8)

f (𝜃|D1∶n) = (d̂
1∶n

− 𝜇d(𝜃|D1∶n))𝛷

(
d̂
1∶n

− 𝜇d(𝜃|D1∶n)

𝜎d(𝜃|D1∶n)

)

+ 𝜎d(𝜃|D1∶n)𝜙

(
d̂
1∶n

− 𝜇d(𝜃|D1∶n)

𝜎d(𝜃|D1∶n)

)
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d̂
1∶n

 and the predicted mean �d(�|D1∶n) , penalized by the probability of improvement 
𝛷

(
d̂
1∶n

−𝜇d(𝜃|D1∶n)

𝜎d(𝜃|D1∶n)

)

 . The second term forces the Bayesian optimization to explore the param-

eter space based on the uncertainty term �d(�|D1∶n) , penalized by 𝜙
(

d̂
1∶n

−𝜇d(𝜃|D1∶n)

𝜎d(𝜃|D1∶n)

)

 . For 
this reason, the EI is a balanced exploration and exploitation method in its nature. It gained 
popularity, as a result of both theoretical analyses [14, 27, 50, 65, 86] and experimental 
successes [42, 68, 73].

Besides the use of the EI in its fundamental form, the ratio of the exploitation term and 
the exploration term can be controlled by adding weight wn , as below.

The above weighted EI (wEI) [74] acquisition function is equivalent to the EI, when 
�n = 0.5.

5 � Proposed calibration methodology

In this Section, we describe our calibration framework for the ABM with a validation data-
set xobs . The description starts from the overall illustration of the calibration framework. 
Then, we describe two detailed calibration components, which are dynamic calibration and 
heterogeneous calibration.

5.1 � Overall calibration framework

Our calibration framework is designed to maximize the fitness between simulation and 
observation by expanding the parameter types to be calibrated in two different ways, 
temporal expansion and heterogeneous expansion. When the optimization parameter � is 
d-dimensional, we optimize Dt number of temporally varying parameters and Dk = d − Dt 
number of agent-specifically varying parameters. Dynamic calibration extends the opti-
mization dimensionality from Dt dimension to Dt ×M dimension, where M is the degree 
of freedom for the dynamic parameters. Similarly, heterogeneous calibration extends the 
dimension from Dk into Dk × K , where K is the number of the agent sub-populations. 
Note that we only include the parameters to be calibrated in the set of � . Figure 2 illus-
trates the calibration process overview, and the details of the algorithm is presented under 
Algorithm 1.

Before the iterative calibration steps, the agents in the model are clustered, see Line 2 
in Algorithm 1. After obtaining the agent sub-populations, we commence the calibration 
iterations from the randomly initialized parameters. The effect of the choice of the initial 
parameters are examined based on experiments in Sect. 6.1.3.

(9)

wEI(𝜃|D1∶n,wn
) = (1 − w

n
)
(
d̂
1∶n

− 𝜇
d
(𝜃|D1∶n)

)
𝛷

(
d̂
1∶n

− 𝜇
d
(𝜃|D1∶n)

𝜎
d
(𝜃|D1∶n)

)

+ w
n
𝜎
d
(𝜃|D1∶n)𝜙

(
d̂
1∶n

− 𝜇
d
(𝜃|D1∶n)

𝜎
d
(𝜃|D1∶n)

)
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A calibration iteration consists of one performance evaluation step and two calibration 
components. 

1.	 Our iteration commence from the simulation evaluation phase. The simulation discrep-
ancy d̂(𝜃n) is measured from the evaluated simulation results M(�n;�) , with the param-
eters �n for the n-th iteration, see Line 13 in Algorithm 2 and Line 13 in Algorithm 1. 
The function d is instantiated for each application case, and d could be either the simple 
Euclidean distance, KL divergence, or negative log-likelihoods, among others [29, 47, 
48]. We specified d for each of our examples in Sects. 5.2 and 5.3.

2.	 After calculating d, we alternately performe dynamic calibration or heterogeneous 
calibration, which are the two major components of the calibration framework. The 
proposed calibration framework alternates each component with predetermined itera-
tions: Nt iterations for the dynamic component and Nk iterations for the heterogeneous 
component. 

(a)	 Dynamic calibration performes the regime detection; see Line 14 in Algorithm 2, 
and generates the next set of the dynamic parameter candidates �t

n+1
 ; see Line 15 

in Algorithm 2.
(b)	 Heterogeneous calibration learnes the response surface; see Line 25 in Algo-

rithm 3, and generates the next heterogeneous parameter �k
n+1

 ; see Line 26 in 
Algorithm 3.

We wish to comment on the performance (or time) of the proposed method as a function 
of the model scale, such as the number of agents in the ABM. The whole calibration 
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Fig. 2   The suggested calibration framework overview. To initiate the iterative calibration cycle (red dotted 
line) to optimize the objective function, the framework partitions the agent population through Agent Clus-
tering Component (blue double line) at the beginning of the calibration procedure. Each iteration adjusts 
either the dynamic parameters by dynamic calibration (purple double line) or the heterogeneous parameters 
by heterogeneous calibration (blue double line) in the iteration cycle (Color figure online)
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process consists of the dynamic and the heterogeneous calibrations. Of the two, only the 
computational performance (or time) of the heterogeneous process may seem to depend 
on the number of agents. However, the heterogeneous calibration uses the number of 
agents only in the process of clustering, and the remaining procedures do not depend on 
the number of agents anymore. Thus, we can argue that the computational performance 
(or time) would not be significantly degraded by the number of agents. Having said that, 
it would need extra experiments for the quantitative analysis, so this issue would be 
thoroughly covered in future work.

The following subsections illustrate details on the dynamic (Sect. 5.2) and the heteroge-
neous (Sect. 5.3) calibrations.

5.2 � Dynamic parameter calibration

The dynamic parameter calibration [51] finds the optimal Dt number of dynamically 
varying parameters �t,∗ ∈ ℝ

Dt×T that yielded the most consistent summary statistics 
��[M(�t,∗ ∪ �k;�)] with the observation xobs ∈ ℝ

p×T . Here, �k denotes for the heterogene-
ous parameters, and the dynamic calibration optimizes the dynamic parameters �t without 
the joint consideration with �k . Formally, the dynamic calibration is the following optimi-
zation task.

(10)�t,∗ = argmin�t d(��∈�[M(�t ∪ �k;�)], xobs)
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The increment in the parameter numbers is significant, if the simulation becomes a long 
execution with total timesteps T. Therefore, we limit the increment by assuming that the 
dynamic parameters are identical for the identified temporal regimes over the simulation 
executions. This assumption regulates the optimization dimension from Dt × T  to Dt ×M , 
by limiting the degree of freedom M for the variability of dynamic parameters.

The degree of freedom in dynamic calibration stems from the temporally clustered 
regimes. In other words, the dynamic calibration optimizes the regime-wisely diversified 
dynamic parameters. The regimes in the dynamic calibration differentiates the well-fitted 
periods from the poorly-fitted periods. This distinction enables the poorly-fitted regimes 
and the well-fitted ones to explore and exploit the parameter space, separately.

5.2.1 � Simulation performance in dynamic calibration

Dynamic calibration is a particle-based algorithm in which the total � number of parti-
cles are evaluated for every calibration iterations. Similar to the Sequential Monte Carlo 
approach introduced in Sect. 3, the dynamic calibration iteratively samples the next set of 
particles {�t,i

n+1
|i = 1, ..., �} from the intermediate posterior distributions. The dynamic cali-

bration incorporates the regime detection algorithm into the SMC to generate dynamically 
switching parameters for the next evaluation phase. Further, dynamic calibration estimates 
the mean-field posterior distributions for each of the detected regimes separately, in which 
the parameters for the next iteration are sampled from. In this subsection, we introduce a 
discrepancy measure in the process of inferring the intermediate posterior distribution.

Dynamic calibration calculates the likelihood as a simulation performance measure via 
the SL approach (see Sect. 3), where SL approach imposes an explicit parametric distribu-
tion on the summary statistics. The choice of the explicit assumption can vary for simula-
tion models. An example of the explicit assumption can be the Gaussian distribution. Given 
that the summary statistics M(�t,i

n
∪ �k

n
;�) is a (P × T)-dimensional multivariate random 

variable on the nuisance stochastic variable � , the J ensembles of realized summary statis-
tics {M(�t,i

n
∪ �k

n
;�j)|j = 1, ..., J} has its empirical moments. Given empirical moments, the 

likelihood Lt,i
n

 is given as Lt,i
n
= N(xt

obs
|𝜇̂t,i

n
, Σ̂t,i

n
) , where 𝜇̂t,i

n
 is the cross-sectional average of 

the realizations, and Σ̂t,i
n

 is the cross-sectional covariance of the realizations at time t. The 
likelihood value Lt,i

n
 at time t is used as the weight of the i-th particle to estimate the poste-

rior distribution for the corresponding regime.
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5.2.2 � Regime detection component

Incorporating the regime detection algorithm, the HMM, into the calibration task sup-
presses the increment in the degree of freedom by dividing the simulation timesteps into 
a few pieces. We deploy the HMM algorithm (see Sect.  4) for each particle to cluster 
the well-fitted and poorly-fitted regimes. For the i-th particle, the time-dependent devia-
tion Ot,i

n
= 𝜇̂t,i

n
− xt

obs
 is defined as the observable variable of the HMM. Also, the tempo-

ral regime Rt,i
n
∈ {1, ...,Kt} is the unobservable hidden variable of the HMM at the t-th 

timestep and the i-th particle. The crossover period where the deviation between the obser-
vation xobs and the simulation 𝜇̂t,i

n
 drastically amplifies would be detected by the HMM. In 

consequence, the before and the after of the crossover period is separated by the HMM. 
Using the estimated temporal regimes for each particle, we merge the temporal regimes 
along particles into the merged regimes {Γm

n
}M
m=1

 . The m-th merged regime Γm
n
 consists of 

timesteps t1 and t2 that satisfy (Rt1,1
n

, ...,Rt1,I
n
) = (Rt2,1

n
, ...,Rt2,I

n
) . For each merged regime 

Γm
n
 , the parameter posterior distribution is estimated, and the next parameter values on 

the regime Γm
n
 is sampled from the posterior. Therefore, the total number of the merged 

regimes M becomes the degree of freedom for the variability of the next dynamic param-
eter �t,i

n+1
.

5.2.3 � Parameter generation component

Given a fixed merged regime Γm
n
 , the next step is to estimate the posterior distribution on 

the parameter space. We apply two mean-field assumptions to the posterior distribution. 
The first mean-field assumption assumes that the posterior distribution on different merged 
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regimes is independent. The second mean-field assumption assumes that the posterior of 
the different dynamic parameters is independent. We discuss these assumptions further in 
Sect. 7.

The beta distribution is estimated from the parameter values and the parameter weights. 
First, the parameter values are normalized to be 𝜃t,i

n,l
= (𝜃t,i

n,l
− 𝜃

l
)∕(𝜃l − 𝜃

l
) , where �l and �

l
 

are the upper bound and the lower bound of the l-th dynamic parameter. This normaliza-
tion restricts all the parameter values in a unit interval [0, 1]. Second, the likelihood of the 
normalized parameter values 𝜃t,i

n,l
 , with the attached weights Lt,i

n
 being observed in the beta 

distribution with the shape parameters �m,l and �m,l , is given as below.

The posterior distribution p(�|xobs) at the n-th iteration is approximated as the Beta distri-
bution Beta(𝜃t

n,l
|𝛼∗

m,l
, 𝛽∗

m,l
) ( t ∈ Γm

n
 ), with maximum likelihood estimated shape parameters 

�∗
m,l

 and �∗
m,l

.
We have three options to resample the next dynamic parameters on the inferred interme-

diate parameter distribution Beta(�m,l, �m,l) : 

1.	 Sampling by Time: For each timestep t ∈ Γm
n
 , sample 𝜃̂t,i

n+1,l
 from Beta(�m,l, �m,l) , and scale 

up the sample to generate the next parameter 𝜃t,i
n+1,l

= 𝜃
l
+ (𝜃l − 𝜃

l
) × 𝜃̂

t,i

n+1,l
.

2.	 Sampling by Regime: The next parameter �t,i
n+1,l

 is constant throughout the merged regime 
Γm
n
 to be a scaled-up sample from Beta(�m,l, �m,l).

3.	 Mode Selection: The next parameter �t,i
n+1,l

 is fixed throughout the merged regime Γm
n
 to 

be a scaled-up sample from 
{
�Beta
m,l

+
(
i −

�+1

2

)
�Beta
m,l

|
|i = 1, ..., I

}
 , where �Beta

m,l
 and �Beta

m,l
 

are the mean and the standard deviation of Beta(�m,l, �m,l) , respectively.

Sampling by Time involves searching the most rapidly switching parameters across the 
three generation processes. However, the small parameter deviation at the initial timesteps 
affects the simulation dynamics afterwards. This temporal dependency hinders the dynamic 
calibration from estimating the accurate time-varying parameters subsequently. Further-
more, Sampling by Time is expected to estimate the over-fitted dynamic parameters. On the 
other hand, Sampling by Regime involves searching the parameters with an identical value 
at the identical regimes, which makes the calibrated parameter fluctuate less. Besides the 
sampling-based methods, Mode Selection eradicates the sampling error by resampling the 
next particle from the selected modes. We experimented on all the parameter-generating 
rules in Sect. 6.1.

5.3 � Heterogeneous parameter calibration

Heterogeneous calibration resolves the simulation divergence arising from the agent’s het-
erogeneity by minimizing the distance between the simulation ��[M(�t ∪ �k)] and the val-
idation data xobs . Heterogeneous calibration optimizes Dk number of heterogeneous param-
eters �k ∈ ℝ

Dk×Kk . Before introducing the algorithm, we present two assumptions. First, 
we assume that we have a fixed set of dynamic parameters �t , which are the complements 
of the heterogeneous parameters from the set of calibration parameters � . Second, the het-
erogeneous parameters �k are static parameters differentiated by the agent sub-populations. 
The heterogeneous calibration solves the following problem.

(11)p({𝜃t,i
n,l
, Lt,i

n
}t∈Γm

n
,i∈{1,...,�}|𝛼m,l, 𝛽m,l) =

∏

t∈Γm
n

�∏

i=1

Lt,i
n
Beta(𝜃t,i

n,l
|𝛼m,l, 𝛽m,l)
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The second assumption makes it possible to solve the above optimization problem. If �k is 
differentiated by the agents, then the number of optimization dimension becomes Dk × A , 
where A is the number of agents. This high dimensional problem requires innumerous num-
ber of simulation executions for calibration. In addition, the expansion of the parameter by 
the agents could be viewed as over-parametrization, which causes over-fitting. Therefore, 
differentiating the heterogeneous parameters by agent clusters mediates the intractability of 
optimization and potential over-fitting issue.

5.3.1 � Simulation performance in heterogeneous calibration

Heterogeneous calibration assumes that the mean absolute percentage error (MAPE) is the 
discrepancy measure d; however, this selection can change per application case [29]. Het-
erogeneous calibration adjusts the heterogeneous parameters �k by optimizing the observa-
ble discrepancy d̂(𝜃k) = �

�
�

1

J

∑J

j=1
M(𝜃t∪𝜃k ;𝜔j)−xobs

xobs

�
�
�L1

 , which is the Monte Carlo estimation of 
the true discrepancy.

5.3.2 � Agent clustering component

Heterogeneous calibration divides agents into several clusters using the agent-level simu-
lation results Dagent = {xa}

A
a=1

 , with xa ∈ ℝ
Q×T . However, if the dimension Q × T  is large 

(i.e. the execution of the simulation is lengthy and the agent-level states at time t is high-
dimensional), then the clustering algorithms suffer from the curse of dimension. Therefore, 
heterogeneous calibration compresses the data Dagent through a latent representation learn-
ing algorithm (Line 3 in Algorithm 3) via VAE (see Sect.  4) before applying clustering 
algorithm.

Then, using one of the mixture models introduced in Eqs.  3 or 4, the heterogeneous 
calibration divides the agent population into Kk pieces. We test both the parametric mixture 
model, Eq. 3, and the nonparametric mixture model, Eq. 4, in our experiments. When we 
use the DPMM, the heavy-tailedness of the agent-level variables in the ABM results in 
too many number of optimal clusters [23, 39, 59]. Thus, we apply the nearest-neighbor 
algorithm to the clustering result of the DPMM, to reduce the number of clusters and to 
regulate the degree of freedom. With the obtained cluster assignments, the heterogeneous 
calibration differentiates heterogeneous parameters by assigning a random value to each 
cluster. Note that the heterogeneous parameters were static across the agents, before the 
agent-clustering phase.

(12)�k,∗ = argmin�k d(��∈�[M(�t ∪ �k;�)], xobs)
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5.3.3 � Response surface learning component

Function optimization (Eq.  12) requires two phases: function approximation phase and 
decision phase for the future evaluations. The GPR is a probabilistic approach to infer the 
unknown discrepancy function using a given noisy dataset D1∶n = {(𝜃k

1
, d̂k

1
), ..., (𝜃k

n
, d̂k

n
)} , 

where the empirical discrepancy d̂k
n
 is assumed to sample from a Gaussian distribution. 

The Gaussian process prior GP(0,�) represents the space of functions that the true discrep-
ancy function can lie on, where � is the prior covariance function or the kernel function. 
As described in Sect. 4 in detail, the GPR infers the posterior distribution of the stochastic 
function with N(�d(�

k
new

|D1∶n), �d(�
k
new

|D1∶n)) = N(�Tcov−1F,��k
new

,�k
new

− �Tcov−1�) . The 
parameters of the kernel function are point estimated by maximizing the likelihoods.

5.3.4 � Parameter generation component

In this subsection, we describe the decision phase for the future evaluations in the hetero-
geneous calibration. Based on the surrogate function inferred by the GPR, the Bayesian 
optimization infers the discrepancy function d by adaptively selecting the heterogeneous 
parameters �k

n+1
 for the next evaluation. The selection of the next parameter comes from 

the inner optimization problem �k
n+1

= argmax�k∈ℍf (�
k|D1∶n) of optimizing the acquisition 

function f. Here, the search space ℍ =
�
�k��‖�

k − �k
i
‖2 ≥ r0 for all �

k
i
in D1∶n

�
 forces the 

search algorithm to avoid the r0-neighborhood of the previously evaluated parameters. We 
used the L-BFGS-B algorithm to optimize the acquisition function, with r0 = 0.

The emergent behavior in the large-scale ABM prevents the response curve from being 
smooth [40]. The Bayesian optimization with EI often fails to find a global minimum in 
practical applications where the response curve attains non-differentiability [8]. One the 
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other hand, the Latin hypercube sampling [3] is prohibitive because heterogeneous cali-
bration increases degree of freedom. Therefore, we generalize of using a single criterion 
such as EI or Latin hypercube by mixing up the exploration methods with the exploitation 
methods [34]. The following strategy is the mixture of the acquisition functions introduced 
in Sect. 4.

•	 Choose random parameters for the first N0 iterations
•	 For the next iterations,

∗ With probability �1 , choose random parameters
∗ With probability �2 , choose �k

n+1
= argmax��d(�

k|D1∶n)

∗ With probability �3 , choose �k
n+1

= argmin��d(�
k|D1∶n)

∗ With probability 1 −
∑

i �i , choose �k
n+1

= argmax�wEI(�|D1∶n,wn)

The value �1 is the probability of choosing the next heterogeneous parameter randomly. The 
value �2 is the probability of searching the region where the model is most uncertain, and 
this corresponds to the full exploration search. The value �3 is the probability of searching 
the minimum point with current surrogate function, so it corresponds to the full exploita-
tion search. If the surrogate function approximates the unobservable target response curve 
closely enough, the full exploitation is likely to find the global minimum of the response 
curve. Lastly, the value �4 is the probability for the weighted EI acquisition function, which 
is the exploration-exploitation search algorithm.

6 � Experimental result

In Sect. 6, we introduce the experimental results of the suggested calibration framework 
in two test cases. First, we tested the feasibility of our algorithm on the wealth distribu-
tion model [88]. We synthesize a validation dataset with an arbitrarily chosen parameter 
set, and this artificially generated dataset limits the source of the simulation divergence to 
random effects and the predetermined parameters set. Second, we experimente the real-
world applicability on a real estate market model, which uses a real validation dataset with 
elaborately designed model structures and real input scenarios. In such a realistic case, 
additional sources of divergence exist, including the imperfect modeling and highly noisy 
socio-economics data.

Both ABMs experiment the calibration framework proposed in Algorithm 1. To inves-
tigate the effects of each component in the framework, we also experiment with dynamic 
calibration and heterogeneous calibration, separately. We evaluate the dynamic calibra-
tion without adjusting the heterogeneous parameters, and evaluate the heterogeneous cali-
bration without modifying the dynamic parameters. The code used in the experiments is 
released in public.1

1  https://​github.​com/​Kim-​Dongj​un/​Autom​atic-​Calib​ration-​of-​Dynam​ic-​and-​Heter​ogene​ous-​Param​eters-​in-​
Agent-​based-​Models.

https://github.com/Kim-Dongjun/Automatic-Calibration-of-Dynamic-and-Heterogeneous-Parameters-in-Agent-based-Models
https://github.com/Kim-Dongjun/Automatic-Calibration-of-Dynamic-and-Heterogeneous-Parameters-in-Agent-based-Models
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6.1 � Test case 1: wealth distribution ABM

6.1.1 � Model description

The wealth distribution model [88], adapted from the sugarscape model [20], is an agent-
based model for investigating the macroscopic wealth distribution via microscopic agent 
behaviors. In the model, a grid provides its wealth equally to agents located on it. At the 
end of each simulation timestep, the agents consume their wealth to survive, and move 
toward the wealthiest neighboring grid to maximize their wealth income. Further, the grids 
recover their wealth capacity fully at the end of each timestep for future provision. The 
wealth capacity varies proportionally to the dynamic parameter, Wealth Income, and agents 
consume their wealth, in proportion to the heterogeneous parameter, Wealth Consumption. 
The agents’ initial wealth is initialized randomly between 10 to 20, and the agent’s initial 
position is created randomly on the 10 by 10 grid.

6.1.2 � Virtual experimental design

6.1.2.1  Synthetic parameter setting  The wealth distribution ABM assumes the artificially 
synthesized parameter setting as the true unobservable parameters. The synthetic parameter 
is generated as follows (Table 4). The dynamic parameter Wealth Income is differentiated 
every ten simulation timesteps. From the first timestep to the 10-th timestep, the parameter 
value is 1.5, and the parameter value of the next ten timestep is 0.5. Alternating the values 
between 1.5 and 0.5 for ten durations, the dynamic parameter is synthesized. The hetero-
geneous parameter is differentiated by the agent clusters, with a value of 0.9 for the first 
cluster, and 0.1 for the second cluster. The first cluster consists of agents with wealth in the 
top 50 percent at the initial timestep. The bottom 50 percent of the agents consists of the 
second cluster. 

6.1.2.2  Summary statistics  Wealth inequality is the main interest in this model; thus, the 
validation data was composed of High Class Wealth Average, Middle Class Wealth 
Average, Low Class Wealth Average, and Gini Index, as in Table 5. Here, the High Class 
Wealth Average is the average wealth of the top 33% agents, and Gini Index [26] is an index 
for measuring wealth inequality. In wealth distribution ABM, the agent cluster is assigned 
prior to the calibration stage because the purpose of wealth distribution ABM is on testing 
the performance of the suggested surrogate model-based Bayesian optimization.

6.1.2.3  Experimental cases  We conduct six experiments in the wealth distribution ABM: 
obtaining validation dataset, synthetic parameter experiment, random search experiment, 
dynamic calibration, heterogeneous calibration, and the whole calibration framework exper-
iment. The first experiment obtains the validation dataset xobs by averaging the simulation 
results of the J = 1000 replications for the same set of synthetic parameter. The second 
experiment measures the variability of the discrepancy estimation by performing simulation 
with the synthetic parameter, using J = 10 . The synthetic parameter experiment is repli-
cated R = 30 times with the same setting, to obtain the statistics on the variability. The third 
experiment randomly searches the parameter space.

The fourth experiment (dynamic calibration) evaluates and compares the three param-
eter updating schemes: Sampling by Time, Sampling by Regime, and Mode Selection. The 
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heterogeneous parameters in the fourth experiment are fixed throughout the calibration 
procedure as the synthetic (true) heterogeneous parameters. The fifth experiment (hetero-
geneous calibration) applies the surrogate-based calibration to known clustering assign-
ments. In the heterogeneous calibration, the dynamic parameter is fixed to be the synthetic 
parameter throughout the experiment.

The last experiment calibrates both the dynamic and heterogeneous parameters to inves-
tigate the effects of the interaction of two components. The last experiment tests the entire 
calibration framework with slightly different hyperparameters for the case a and b. The 
case a tests the calibration framework with (Nt,Nk) = (2, 3) , and the second case b tests it 
with (Nt,Nk) = (20, 30) , to investigate the effects of the predetermined hyperparameters on 
the calibration framework.

For the third, fourth, and fifth experiments, the optimizable calibration parameters are 
randomly initialized at the initial iteration. The list of the experimental variables in each 
experiment is presented in Table 6. Furthermore, all the experiments assume there were 
100 agents ( A = 100 ) and 50 timesteps for the model execution ( T = 50).

6.1.2.4  Performance measure  Because we know the synthetic parameters, we proceed 
to calculate the mean absolute error (MAE), to measure the distance from the estimated 
dynamic parameter to the synthetic dynamic parameter. We also calculate the Euclidean 
error to measure the distance from the estimated heterogeneous parameter to the synthetic 
heterogeneous parameter. To compare the simulation output, we apply the MAPE to meas-
ure the distance from the simulation result to the validation data in all the experiments.

6.1.3 � Dynamic calibration results

The overall mechanism of the dynamic calibration is presented in Fig. 3. Figure 3a is a 
single dimension of the summary statistics, Gini Index, of a parameter candidate hypoth-
esis. (b) is the result of the HMM, Rt,i

n
 (Algorithm 2-Line 3), following the division of the 

well-fitted regime, in green points, by the poorly-fitted regime, in red and blue points. The 
joint likelihoods, Lt,i

n
 (Algorithm 2-Line 13), are presented in (c). Figure 3d presents the 

regime detection results for all three candidate hypotheses, Γm
n
 (Algorithm 2-Line 14). The 

estimated beta distribution of a single merged regime, Beta(�m,0, �m,0) (Algorithm 2-Line 
9), is presented in (e). Figure 3f presents one of the next candidate hypotheses, �t,i

n+1
 (Algo-

rithm  1-Line 10), generated from the estimated beta distributions. The current dynamic 
parameter candidates ( �t,i

n
 ) are plotted as the gray lines, and the next dynamic param-

eter ( �t,i
n+1

 ) is plotted as the black line, with different colors representing different merged 
regimes.

Table 5   The wealth distribution model output summary statistics

Variable Name Description

Output macro variables to 
validate

High Class Wealth Average Average wealth of top 1/3 agents

Middle Class Wealth Average Average wealth of middle 1/3 agents
Low Class Wealth Average Average wealth of bottom 1/3 agents
Gini Index [26] The area ratio of the Lorenz curve to 

measure the wealth inequality



Autonomous Agents and Multi-Agent Systems (2021) 35:46	

1 3

Page 29 of 66  46

Ta
bl

e 
6  

T
he

 w
ea

lth
 d

ist
rib

ut
io

n 
m

od
el

 e
xp

er
im

en
ta

l d
es

ig
n

1
 T

he
 w

ea
lth

 d
ist

rib
ut

io
n 

m
od

el
 a

ss
um

ed
 th

at
 th

e 
ag

en
t c

lu
ste

rs
 w

er
e 

pr
e-

as
si

gn
ed

, t
o 

in
ve

sti
ga

te
 th

e 
su

rr
og

at
e 

m
od

el
-b

as
ed

 B
ay

es
ia

n 
op

tim
iz

at
io

n.
2
 T

he
 e

xp
ec

ta
tio

n 
of

 th
e 

si
m

ul
at

io
n 
�
�
∈
�
[M

(�
;�
)]

 in
 th

e 
ob

je
ct

iv
e 

fu
nc

tio
n 

pr
ev

en
te

d 
th

e 
op

tim
iz

at
io

n 
fro

m
 se

ar
ch

in
g 

in
 th

e 
w

ro
ng

 d
ire

ct
io

n.
 J

 is
 th

e 
nu

m
be

r o
f M

on
te

 C
ar

lo
 

sa
m

pl
es

 fo
r e

sti
m

at
in

g 
th

e 
ex

pe
ct

at
io

n.
 S

ee
 7

.1
 in

 S
ec

t. 
7.

1.
3
 E

ac
h 

ex
pe

rim
en

t w
as

 re
pl

ic
at

ed
 3

0 
tim

es
, t

o 
ev

al
ua

te
 th

e 
st

at
ist

ic
s o

f t
he

 c
al

ib
ra

tio
n 

pe
rfo

rm
an

ce
4
 R

S:
 R

an
do

m
 S

ea
rc

h
5
 S

T:
 S

am
pl

in
g 

by
 T

im
e,

 S
R

: S
am

pl
in

g 
by

 R
eg

im
e,

 M
S:

 M
od

e 
Sa

m
pl

in
g

6
 T

he
 sy

nt
he

tic
 h

et
er

og
en

eo
us

 p
ar

am
et

er
 w

as
 a

ss
um

ed
 th

ro
ug

ho
ut

 th
e 

ex
pe

rim
en

t
7
 T

he
 sy

nt
he

tic
 d

yn
am

ic
 p

ar
am

et
er

 w
as

 a
ss

um
ed

 th
ro

ug
ho

ut
 th

e 
ex

pe
rim

en
t

8
 B

O
: T

he
 m

ix
tu

re
 o

f B
ay

es
ia

n 
op

tim
iz

at
io

n 
(B

O
) w

ith
 (�

1
,
�
2
,
�
3
,
�
4
)
=
(0
.1
5
,
0
.2
,
0
.0
5
,
0
.6
) a

nd
 N

0
=
5
 . S

ee
 7

.1
 in

 S
ec

t. 
7.

1

Pa
ra

m
et

er
 ty

pe
C

al
ib

ra
tio

n 
pa

ra
m

et
er

U
pd

at
e 

ru
le

N
N

t
N

k
K

t
K

k
1

J
2

I
Re

p.
3

C
as

es

Va
lid

at
io

n
–

–
–

1
–

–
–

–
10

00
–

1
1

Sy
nt

he
tic

 p
ar

am
et

er
–

–
–

1
–

–
–

–
10

–
30

30
R

an
do

m
 se

ar
ch

D
yn

am
ic

W
I

R
S4

10
0

–
–

–
–

10
–

30
30

H
et

er
og

en
eo

us
W

C
D

yn
am

ic
 c

al
ib

ra
tio

n
D

yn
am

ic
W

I
ST

/S
R

/M
S5

 (3
 c

as
es

)
10

0
10

0
0

3
2

10
3

30
3 ×

30
H

et
er

og
en

eo
us

–6
–

H
et

er
og

en
eo

us
 c

al
ib

ra
tio

n
D

yn
am

ic
–7

–
10

0
0

10
0

1
2

10
1

30
30

H
et

er
eg

en
eo

us
W

C
BO

8

C
al

ib
ra

tio
n 

fr
am

ew
or

ka
D

yn
am

ic
W

I
M

S
20

0
2

3
3

2
10

3
30

30
H

et
er

og
en

eo
us

W
C

BO
C

al
ib

ra
tio

n 
fr

am
ew

or
kb

D
yn

am
ic

W
I

M
S

20
0

20
30

3
2

10
3

30
30

H
et

er
og

en
eo

us
W

C
BO



	 Autonomous Agents and Multi-Agent Systems (2021) 35:46

1 3

46  Page 30 of 66

The well-fitted regime in Fig.  3b makes the parameter estimation at the early period 
as successful as the red dots in (f). This is because the third candidate hypothesis in the 
well-fitted regime has high likelihoods of the next parameter being generated near the third 
hypothesis. The simulation fails to recover the validation statistics afterwards because the 
regime is over-detected up to simulation time 13. As iteration proceeds, the regime detec-
tion algorithm iteratively updates the regime information to partition simulation time cor-
rectly. As the dynamic regimes are optimized by iterations, subsequently, the calibrated 
parameter value settles down to the optimal value (see Fig.  4a). Figure  3g is a simula-
tion result, M(�t,0

1
∪ �k

1
;�) (Algorithm 1-Line 6), evaluated using the estimated parameter 

in Fig. 3f. Figure 3h illustrates the Gini coefficient of the simulation after the calibration 
process eventually fits the synthetically generated validation data M(�t,i

∗

n∗
∪ �k

n∗
;�) (Algo-

rithm 1-Line 16).
Figure 4 presents the best estimated parameters with two updating rules: Mode Selection 

and Random Search. Mode Selection in (a) estimates the plausible parameter that shares a 
tendency with the synthetic parameter. However, Random Search in (b) finds the highly 
fluctuating parameter, which is uninterpretable. Figure 5a plots the parameter MAE for the 
four updating rules. Mode Selection and Sampling by Regime outperforms the other updat-
ing rules in terms of the parameter error. However, Fig. 5b shows that the updating rule 
Sampling by Time exhibits the best performance in terms of the simulation error.

Table 7 shows the experimental statistics of the dynamic calibration. Sampling by Time 
yields the best performance in terms of the simulation error, but Sampling by Time has 
the highest parameter error, which implies that it estimates the over-fitted parameter. On 
the other hand, the performance of Sampling by Regime is not significantly different from 
that of the Random Search. Lastly, Mode Selection is the best updating rule in terms of the 
parameter error reduction.

Figure 6 compares the parameter value initializing methods between random initializa-
tion and selective initialization. The selective initialization assigns equi-distant parameter 
values for each of particles. For example, in our setting, the three particles of dynamic 
parameters are initialized statically with values 0.5, 1.0, and 1.5. We believe that the selec-
tive initialization is efficient in inferring the parameter distribution because the synthetic 
dynamic parameter alternates between 0.5 and 1.5 (see Fig. 4a for the true dynamic param-
eter). As shown in Fig. 6, the selective initialization saturates faster than the random ini-
tialization. However, Fig.  6 indicates that the random initialization is as effective as the 
selective initialization after iterations.

6.1.4 � Heterogeneous calibration result

Figure 7a–c illustrate the landscape of the discrepancy surrogate model inferred through 
GPR with 10, 50, and 100 evaluation points, respectively. The surrogate function becomes 
gradually sophisticated as the iteration increased. Figure  7d–f present the contour plot 
of the surrogate model that contains the sampling path of the suggested BO. The initial 

Fig. 3   Dynamic parameter calibration mechanism is plotted. a–g Presents the calibration procedure in 
a single dynamic calibration iteration, and h presents a final calibrated simulation result. a Presents the 
simulated and validation Gini index. b Presents a regime detection result for the third particle, in Algo-
rithm 2-Line 14. c Presents the normalized likelihoods Lt,i

0
 , in Algorithm 2-Line 13. d Presents the merged 

regimes, in Algorithm 2-Line 4. e Presents the parameter posterior distribution, in Algorithm 2-Line 9. f 
Presents the parameter calibration result after the first iteration, in Algorithm 2-Line 10

▸
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simulation result in Fig. 7g is transformed to be as close to the validation data as the best 
simulation result in Fig. 7h.
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Figure 8a presents the parameter Euclidean error of the heterogeneous calibration. The 
parameter Euclidean error of the heterogeneous calibration saturates at 0.021, and this non-
zero saturation occurs because of the noisy discrepancy d̂ . In terms of the simulation error, 
Fig. 8b presents that the heterogeneous calibration converges to the optimal error, which is 
obtained from simulating with the synthetic parameter.

6.1.5 � Calibration framework result

As shown in Table  7, the calibration frameworkb , with Cdyn = 20,Chet = 30 , outper-
forms the calibration frameworka , in terms of the simulation error. Although the calibra-
tion frameworka has the least dynamic parameter error among all the experiments in the 
Test Case 1, the simulation error is large, due to the inaccuracy in the estimation of the 

Fig. 4   a The estimated optimal dynamic parameter, x marked line, is plotted. Dynamic calibration gener-
ates a dynamic parameter regime-wisely to avoid over-fitting in Mode Selection update rule. b The sampled 
optimal dynamic parameter, o marked line, is plotted. Random Search finds an over-fitted dynamic param-
eter, which only fits the given validation data, without following the synthetic dynamic parameter trend

Fig. 5   a The calibrated dynamic parameter mean absolute errors are plotted. Parameter generation methods 
Sampling by Regime and Mode Selection find parameters closer to the synthetic parameter than the other 
methods. b Dynamic calibration simulation error is plotted by iterations. Parameter generation method 
Sampling by Time performs the best in terms of simulation MAPE
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heterogeneous parameter. The calibration frameworkb , on the other hand, outperforms the 
calibration frameworka , because the calibration frameworkb estimates the heterogeneous 
parameter more closely than the calibration frameworka . Figure 9 presents the experimen-
tal result of the calibration frameworkb.

6.2 � Test case 2: real estate market ABM

6.2.1 � Model description

The real estate market model is an agent-based model for predicting housing price and the 
number of housing transactions. The model consists of three types of agents: household, 
external supplier, and realtor. The presented model does not assume any physical environ-
ment, which means that agents can interact with any other ones without limitations. Fig-
ure 10 visualizes the interactions between those agents. A household buys or sells houses 
to meet the residential needs. Further, the household registers the owned houses in List 
Process and decides to buy a listed house in Buy Processes based on internal decision mak-
ing process.

In List Process, a household registers its vacant houses on the market through a realtor 
agent. A house is vacant, if the lease contract2 is over, and no other bargain is made. When 
no household lives in a vacant house, and the house owner does not move into the house, 
then the householder puts up the house on a market for a leaseholder or a buyer. The exter-
nal supplier acts as an exogeneous house supplier, and the newly built houses are registered 
in the housing market automatically.

In Buy Process, a household purchases houses in three steps: participation step, selec-
tion step, and contract step. First, the household makes the decision to participate in the 
market. A household without any house to reside engages unconditionally in the housing 
market, looking for a new residence. A household with a residence participates with prob-
ability Market-Participation-Rate, searching for a new house for the purpose of investing. 
Second, a household in the market selects a house out of the registered houses, according 
to its preferences. The preference of a household is based on the area, contract type, and 
house type. A household first decides between the capital area and out-of-capital area for a 
new house. Then, it decides upon the contract type, between lease and purchase, following 
which it decides upon the house type, among a house, apartment, and condo. Leaseholders 
with subsisting contracts always choose to purchase a house, if they make a deal with other 
house owners. Others, including (1) house owners living in their house and (2) leasehold-
ers with contract termination, purchase or lease a house with probability Purchase-Rate 
or (1 − Purchase-Rate) . A realtor receives the participating agents’ preferences, and sends 
the candidate houses to each household with matching preferences. Last, in the contract 
step, a household makes a deal on a house within its budget from the house list. If another 
household contracts the house first, the household chooses the other house. During these 
interactions between the realtor agent and the household agents, the realtor agent stochasti-
cally selects a sampling on the houses being offered by the household agents and randomly 
perturbs the ordering of the interaction between seller and buyer agents. The heterogeneous 
parameter, Willingness-to-Pay, controls the budget, which is the maximum ratio out of the 
total asset an agent would raise, using savings and loan services.
2  Lease contract includes Jeonse and rental contract, where Jeonse is the lump-sum housing lease that is a 
Korean-specific residential form of living for two years; it is secured by paying a large amount of deposit at 
the initiation of the contract, which is returned at the end of the contract period, instead of paying rental fee 
monthly.
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Update Process updates all the required simulation state variables. A household saves 
the rest of its monthly salary after deducting the expenses, such as consumption, taxes, 
rental fee, and loan repayment. Housing price is decreased to

up to ten times, if it is listed on the market; however, no agent signs a contract for the house 
at the timestep. The housing price is increased to

if other houses with the same conditions are favored at the timestep. After updating the 
state variables, an external supplier supplies new houses in the market based on the sup-
ply rate parameters released by the Korea Appraisal Board (KAB); see Table 8 for detailed 
description. A newly generated house attains its state variables sampled from the state var-
iable generating distribution. This generating distribution is created from the real-world 
data collected from The Survey of Household Finances and Living Conditions released by 
Statistics Korea every five years. We utilize the dataset released in 2015 to initialize agents’ 
state variables in afterward timesteps. Further information on the real estate market model 
can be found from the previous paper [92].

6.2.2 � Virtual experimental design

6.2.2.1  Calibration parameters  The real estate market ABM has three dynamic param-
eters and two heterogeneous parameters: Market-Participation-Rate (MPR), Market-
Price-Increase-Rate (MPIR), and Market-Price-Decrease-Rate (MPDR) as the dynamic 
parameters; and Willingness-to-Pay (WP) and Purchase-Rate (PR) as the heterogeneous 
parameters. Based on the bullish and bearish periods being well-known phenomena that 
control the seasonal economic trend, the model’s purpose is to generate the market dynam-
ics by modeling the supply and demand process. After the scenario-tailored supply pro-
cess, the demand process is modeled based on two main parameters: MPR and WP. The 
unobservable parameter, MPR, models the dynamically varying amount of demand in the 
real estate market. The remaining unobservable parameter, WP, models the demand from 
the perspective of heterogeneity, because the shift of the individual investment portfolio 
affects the transaction amount. The magnitude of the price variability, which comes from 
the change in the supply and demand, is modeled by other dynamic parameters such as the 
MPIR and MPDR. The residential form in the process of signing the contract, between the 
buying position and Jeonse position3, is modeled on the parameter PR, which is heterogene-
ously differentiated.

6.2.2.2  Summary statistics  The main function of this model is to predict the housing price 
and number of housing transactions closely to the validation dataset. The official government 
data on the price index and the transaction number is released by the KAB. We consider the 
Jevons index [71] to be the housing price index, in conformity to how the KAB calculates 
their indices. We scale-up the simulation transaction numbers to make the simulation ( 104 
#households) compatible with the real-world ( 2 × 107 #households) transaction amounts.

(13)100(1 −Market-Price-Decrease-Rate + Inflation Rate)%,

(14)100(1 +Market-Price-Increase-Rate + Inflation Rate)%,

3  Jeonse is the lump-sum housing lease form of living for two years. The tenant pay large amount of 
deposit, instead of paying monthly rental fee.



Autonomous Agents and Multi-Agent Systems (2021) 35:46	

1 3

Page 37 of 66  46

The KAB releases 24 ( = 2 × 3 × 2 × 2 ) types of summary statistics, with each type 
having the following different housing characteristics: two house regions (Capital/Out-of-
Capital), three house types (Detached/Apartment/Multiplex), two transaction types (Sales/
Lease), and two summary statistics types (Index/Transaction number). We select the eight 
apartment summary statistics to validate the apartment-related real-world validation data, 
as listed in Table 9 for experiments, except for Heterogeneous Calibrationz . The experi-
mental case Heterogeneous Calibrationz validates the weighted eight summary statistics, 
which are the weighted sum of the 24 statistics in the dimension of House Type. Note that 
apartments constitute 70% of the housing transactions in Korea.

In agent clustering, all the agent-level state variables are considered, except the experi-
mental cases Heterogeneous CalibrationA,�,Kk ,dk , where the sensitivity analysis of the vary-
ing hyperparameters are conducted. The agents have the following state variables: (1) Liv-
ing Region distinguishes agents by their living region, according to whether they are capital 
or out-of-capital area; (2) Savings, Income and Loan variables are normalized to have values 
ranging from zero to one; (3) House Type and Living Type takes the one-hot encoded form, 
where the one-hot encoding is a data pre-processing method for transforming the integer index 
i into a multi-dimensional zero vector, which however has one vector at the i-th dimension.

6.2.2.3  Experiments  We conduct five experiments on the real estate market ABM: human 
calibration, random search, dynamic calibration, heterogeneous calibration, and the entire 
calibration framework. The experimental design setting is presented in the Table 10. The 
first and the second experiments are the Human Calibration and the Random Search. In 
both experiments, all the parameters are optimized, which included dynamic parameters 
(MPR, MPIR and MPDR) and heterogeneous parameters (WP and PR). Heterogeneous 
parameters (WP and PR) are undiversified by clusters because there is no information on 
the cluster assignment before agent clustering.

The Human Calibration performs 100 iterations of manual search (Table 10). At each 
iteration, the modelers divide the regime based on the combination of their prior knowl-
edge and the simulated result, and the modelers adjusts the dynamic parameter based on 
the intuitive guess. The Random Search involves randomly searching all the parameters. 
The dynamic parameters in the Random Search are diversified by every timesteps.

Fig. 6   Dynamic calibration 
simulation errors with different 
initializations are plotted. The + 
marked line is the experimental 
result of the random initialization 
and the x marked line is that of 
the selective initialization, with 
equally distributed initial static 
parameters, having values 0.5, 
1.0, and 1.5
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The third experiment (dynamic calibration) is composed of five cases. The first case of 
the dynamic calibration optimizes the first parameter MPR, which is believed to have the 
most significant effect on the macro output. The second and the third cases calibrates the 
price control parameters, MPIR and MPDR, respectively. The fourth case calibrates the 
first and the second parameters, i.e. MPR and MPIR, to investigate if the combination of 
the transaction number control parameter and the price index control parameter works. In 
the last case, the dynamic calibration optimizes all the dynamic parameters. All five cases 
assumes the manually calibrated heterogeneous parameters to be unchangeable.

The fourth experiment investigates the heterogeneous calibration using several cases. 
The first case is calibrating the first heterogeneous parameter (WP), the second case is on 
the second parameter (PR) and the third case calibrates all the heterogeneous parameters 
(WP and PR). They are denoted as Heterogeneous Calibrationa , i.e. Heterogeneous Cali-
brationa investigates the effect with respect to the target calibration parameter. In addition, 

(a) Discrepancy Landscape After 10
Iterations

(b) Discrepancy Landscape After 50 It-
erations

(c) Discrepancy Landscape After 100 It-
erations

(d) Discrepancy Level Curve After 10 It-
erations

(e) Discrepancy Level Curve After 50 It-
erations

(f) Discrepancy Level Curve After 100 It-
erations

(g) Gini Indexbefore Calibration (h) Gini Indexafter Calibration

Fig. 7   Heterogeneous parameter calibration mechanism is plotted. a–c Illustrates the discrepancy surro-
gate model landscape (Algorithm 3-Line 25) after 10, 50 and 100 iterations of calibration, respectively. d–f 
presents the corresponding discrepancy surrogate model level curve. The Bayesian optimization eventually 
finds the global optimum as we expected. g and h compares the before and after of a single dimension of 
summary statistics (Gini index)



Autonomous Agents and Multi-Agent Systems (2021) 35:46	

1 3

Page 39 of 66  46

Heterogeneous Calibrationa studies the final performance with respect to the number of 
clusters. Heterogeneous Calibrationa uses every dimension of the agent-level state vari-
ables to obtain the agent sub-populations, and fits the apartment-related eight summary 
statistics.

Meanwhile, the next four cases Heterogeneous CalibrationA,�,Kk ,dk are for the sensitiv-
ity analysis. The four cases utilizes six agent-level state variables (all except House Type) 
to cluster and fit the apartment-related eight summary statistics. The case with the super-
script A varies the number of agents to figure out the effect of the number of agents in the 
heterogeneous calibration. The case with � examines the choice of the hyperparameters that 
control the mixture rate of acquisition functions. The case with Kk investigates whether the 
increament of degree of freedom indeed guarantees the simulation result to be closer to the 
target. The case with dk designs to examine the choice of the heterogeneous parameters to 
calibrate.

Fig. 8   a The calibrated heterogeneous parameter Euclidean errors are plotted. b Heterogeneous calibration 
simulation MAPE is plotted. Suggested calibration converges to the optimal lower bound, which is the sim-
ulation error with the synthetic parameters as input parameters. Note that the optimal lower bound is not 0 
since the simulation is stochastic

Fig. 9   The calibration frame-
workb simulation MAPE is plot-
ted. The calibration frameworkb 
first updates the dynamic param-
eter for 20 iterations, with fixed 
heterogeneous parameter, and 
next updates the heterogeneous 
parameter for 30 iterations, with 
previously estimated optimal 
dynamic parameter
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Fig. 10   The real estate market model flowchart with the three sequential processes (List Process, Buy Pro-
cess and Update Process) for each timestep
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The fifth experiment examines the entire calibration framework. It consisted of two 
cases, which investigate the effect of the number of calibration components continuation, 
Nt and Nk . The first case involves calibrating dynamic parameters for 2 continuous itera-
tions, and adjusting heterogeneous parameters for 3 continuous iterations, i.e. Nt = 2 and 
Nk = 3 . In the next case, the investment optimizes all the parameters using Nt = 20 and 
Nk = 30.

All the experiments (except Human Calibration) initializes the parameters randomly. 
Further, every experiments (except Heterogeneous CalibrationA ) all take A = 10000 
households as the number of agents. Every experiments assume T = 24 timesteps for the 
model duration.

6.2.3 � Dynamic calibration result

The simulating output is more sensitive on transaction numbers than the price indices. 
Having that the MPR determines the magnitude of the amount of transaction numbers by 
controlling the market demand, calibrating MPR is expected to generate a realistic simu-
lation results. The first dynamic experiment of calibrating MPR indeed demonstrates the 
above argument by reducing Total MAPE significantly, from Human Calibration. In addi-
tion, Table 11 shows that the calibration with the housing price parameters (MPIR and/
or MPDR) is ineffective in minimizing Total MAPE, as we expected. The inferior per-
formance of calibrating either MPIR or MPDR mainly arise from the fact that those price 
parameters are not the key parameters for the number of transactions. For example, the 
highest error dimension (Apartment Sales Transaction Number in Capital MAPE) is 
diminished when we calibrate the MPR parameter, but remained unfitted when we cali-
brate other price-related parameters. We conclude that the selection of the parameter to be 
calibrated is the major factor on the calibration performance.

To investigate the effect of the number of parameters on the calibration performance, 
we calibrate both the MPR and MPIR. As shown in Table 11, the calibration performance 
differs insignificantly from calibraing MPR parameter, i.e. the experiment yields an equiva-
lent performance (average 0.168) with the calibration experiment for the MPR parameter 
(average 0.167). Furthermore, the experiment in which all the parameters are calibrated 
yields a similar performance (average 0.174). The experiment on the number of dynamic 
parameters implies that the calibration performance is mainly driven by a small set of 
parameters. Therefore, a selection criteria for the choice of calibration parameter would 
influence the validation process significantly.

The o-marked trajectories in Fig. 11 indicates the baseline Human Calibration experi-
ment. The Human Calibration fails to optimize the parameters because the dynamic cali-
bration search space is too extensive to manually adjust. Figure 11a, d show that Human 
Calibration has a higher level of transaction numbers, compared to the validation data. 
Meanwhile, it yields a lower level of transaction numbers in Fig. 11b, c. The overly exten-
sive search space of dynamic parameter inhibits the simulated dimensions from moving in 
the opposite direction of the trajectories of the dimensions (a) and (d) move toward down-
ward, and the trajectories of the dimensions (b) and (c) shift upwardly, through manual 
calibration.

Meanwhile, the dynamic calibration automatically search parameter space with an 
adaptive regime detection algorithm. Experimental results of the dynamic calibration 
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demonstrates that it is successful on finding a better parameter that push simulated trajecto-
ries in an opposite direction for (a, d)-statistics and (b, c)-statistics.

6.2.4 � Heterogeneous calibration result

The results of the calibration without the agent clustering procedure ( Kk = 1 ) are pre-
sented in Table  11; there is no significant improvement in Total MAPE, compared to 
Human Calibration. Meanwhile, when the agents are divided into a number of sub-pop-
ulations ( Kk > 1 ), Heterogeneous Calibrationa achieves a significant performance gain in 
Table 11.

Similar to the dynamic calibration, the selection of the parameter to calibrate is crucial 
to the calibration performance. The parameter WP determines the level of demand in the 
housing market, and this parameter is the key parameter to control the magnitude of the 
transaction number. When the WP value is high, both the lease transaction number and 
sales transaction number becomes high. In contrast, the parameter PR determines whether 

Fig. 11   Dynamic calibration (triangle marked, all dynamic parameters calibration), heterogeneous calibra-
tion (square marked, all heterogeneous parameters calibration), the calibration frameworkb (x marked, all 
parameters calibration) experiments are illustrated, with the human calibration result (circle marked) for 
comparison. a and b are the apartment transaction numbers of the capital area for sales and lease, respec-
tively. c and d are the apartment transaction numbers of the out-of-capital area for sales and lease, respec-
tively. All calibration methodologies outperforms the human calibration result in particular in the dimen-
sion of (a). Heterogeneous calibration outperforms dynamic calibration in all (b–d). The calibration 
frameworkb outperforms heterogeneous calibration in (a) and (d)
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a housing contract is a lease or sales, which results in the sales transaction number and the 
lease transaction number moving in opposite directions. In other words, the high PR value 
means the number of sales transaction is increased while the number of the lease transac-
tion is decreased. Because the overall magnitude of the transaction number is controlled by 
the first parameter WP, the calibration with WP performs better than that with PR. When 
all the heterogeneous parameters are calibrated, the calibration performances with varying 
number of clusters ( Kk ) are less oscillating.

Nearly half clusters in Heterogeneous Calibrationa consists of agents who do not 
reside in apartment. This occurs because Heterogeneous Calibrationa captures agent sub-
populations with every dimensions of micro-level state variables. The parameter values of 
clusters with agents who do not live in apartment are irrelevant to fitting the target observa-
tion. Therefore, we eliminate the House Type agent state variable in the agent clustering 
phase to investigate how the agent partitioning affects to the internal dynamics. For the 
purpose, experiments Heterogeneous CalibrationA,�,Kk ,dk assumes that the agents that did 
not live in apartments are grouped as the last cluster. Figure 15 illustrates the exemplary 
cluster assignment case that puts every agents without apartment in the last cluster.

(a) Varying Number of Agents (b) Varying Acquisition Function

(c) Varying Number of Parameters (d) Varying Number of Clusters

Proportions

Fig. 12   Sensitivity analysis on hyperparameters. Lower is the better. a The number of agents affect to the 
heterogeneous calibration performance since the clustering performance depends on the number of agents. 
Note that the Variational Autoencoder prefers more agents for training. b We experiment diverse acquisition 
function settings by varying the hyperparameters of the acquisition functions. c The choice of calibration 
target heterogenous parameters out of WP and PR affects to the performance. d As the number of clusters 
increases, the MAPE performs better
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Figure 12 presents the sensitivity analysis of the heterogeneous calibration. Figure 12a 
shows the calibration performance with different numbers of agents. The calibration with 
2000 agents performs the worst, due to two reasons. The first reason is that the number of 
instances in Dagent is insufficient to train the machine learning models (e.g. VAE) for the 
calibration. The machine learning models with a limited dataset does not guarantee the 
originally targetted functionality. The second reason is the limited degree of freedom to 
represents the interactions between the agents. The future research on the automatic cali-
bration shall be to investigate the comparisons of limitation sources. As we increase the 
number of the agents, the validation error decreases to a certain convergence point (0.12 of 
MAPE in Fig. 12a). Here, the non-zero convergence can be attributed to (1) the difficulty 
of the validation target dataset, (2) the realism of the simulation model, and (3) the param-
eter space exploration capability of the calibration method.

Figure  12b illustrates the calibration result by diversifying the hyperparameter � (the 
acquisition function proportions) of the BO. The square depicts the pure weighted EI per-
formance, and the other lines describe the performance trajectories according to varied 
probability proportions. The mixture of a number of the acquisition function originates 
from the frequent failure of finding the global minimum in the practical applications of the 
EI algorithm. Figure 12b supports two potential advantages of using the mixed strategies. 
First, the performance of the selective mixed strategy drops significantly on the front itera-
tions. Second, the selective mixed strategy converges to a performance level ( ≈ 0.10 ) that 
is better than the performance ( ≈ 0.11 ) of the pure weighted EI strategy.

Figure  12c illustrates the performance with varying number of clusters. The squared 
blue line represents for the calibration of WP with eight clusters, the green line represents 
for the calibration of all heterogeneous parameters with four clusters, and the orange line 
represents for the calibration of PR with eight clusters. Even though the number of parame-
ters to calibrate are identical for three lines, the calibration with WP exceeds the calibration 
with PR on performance. In addition, the calibration of both parameters is inferior to that 
of WP with eight clusters because of the lower degree of freedom. Lastly, the red line rep-
resents the calibration of both WP and PR with eight clusters, so the parameter to calibrate 
is doubled. With 16 adjustable parameters, the chart indicates that the 200 iterations is not 

(a) Comparison of Normalized Sales (b) Comparison of Sales Price Indices
Price Distribution

Fig. 13   The match of summary statistics (price index) does not guarantees the micro distributions (price) 
to align. a Heterogeneous calibration fits better than static calibration without agent clustering by expand-
ing the degree of freedom. b Heterogeneous calibration and static calibration performs similar in sense of 
validation performance
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sufficient to reach to the saturation performance. In agent-based models with expensive 
evaluation cost, the selection of the number of clusters with many heterogeneous param-
eters could be further examined.

Figure 12d shows the calibration performance when the number of clusters varies. The 
static calibration with the undivided parameter underperforms (blue line), in comparison 
to any of heterogeneous calibrations with Kk > 1 . Figure  12d illustrates the tendency of 
the calibration performance to improve as the degree of freedom (i.e. the number of agent 
clusters) increases. Figure 13 further investigate the degree of freedom in the perspective 
of variable distribution (underlying micro-level distribution). Figure  13a compares the 
underlying true and the simulated distributions of the housing sales price of static calibra-
tion (orange, Kk = 1 ) and heterogeneous calibration (green, Kk = 8 ). When the degree of 
freedom is unidimensional ( Kk = 1 ), the distribution largely deviated from the underlying 
true distribution. As the degree of freedom expands to be multi-dimensional ( Kk = 8 ), the 
shape of the distribution fits closer to the underlying true distribution. Although Fig. 13b 
indicates that the overall price indices behave similarly between Kk = 1 and Kk = 8 , there 
was a significant change in the microscopic agent’s behavior. It should be noted that the 
micro-level distribution is not counted as a validation measure.

Figure 14 illustrates the quantitative measure of the divergence between the simulated 
and real-world micro distributions. Figure 14a illustrates the Jensen-Shannon divergence 
of the sales price distribution by the calibration iteration. The static parameter calibra-
tion without the agent clustering ( Kk = 1 ) performs a higher Jensen-Shannon divergence, 
compared to the heterogeneous parameter calibration with Kk > 1 . On the other hand, the 
distinction for the varying degrees of freedom where Kk > 1 does not appear clearly. Fig-
ure 14b is a snapshot of the Jensen-Shannon performance. The snapshot is captured at the 
calibration iteration where the performance is minimized for each of experiment.

6.2.4.1 Discussion on extracted sub-population
In this subsection, we introduce a brief interpretation of the agent clustering results in 

Fig. 15. The characteristics of the agent clusters and the corresponding interpretations are 
summarized in Table 12.

Clusters 1, 3, 5 and 7 consists of agents who live in apartments in the capital region, and 
clusters 2, 4 and 6 consists of agents who live in apartments in the out-of-capital region. 

(a) Jensen Shannon Divergence of Sales (b) Calibrated Box Plot of Jensen
Price Distributions Shannon Divergence

Fig. 14   Jensen Shannon divergence results. Lower the better. a Heterogeneous calibration perform better 
than the static calibration without agent clustering. b Snapshot box plot of the Jensen Shannon divergence 
at the minimum iteration with respect to the Total MAPE
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The agents who live in the detached house or the multiplex house are grouped together 
in the last cluster, regardless of where they live. The agent clustering makes it possible to 
expand the unidimensional degree to the eight-dimensional degree of freedom.

We analyze the agent sub-populations based on three cluster types: first-time-buyers, 
participants-by-demand, and speculators. In the capital area, cluster 1 contains the first-
time buyers, and cluster 5 consists the participants-by-demand. The calibrated parameter 
values for clusters 1 and 5 is higher than that for cluster 3 and 7, and this calibration result 
coincides with the empirical study of [10]. The cluster 3 has a relatively lower Willingness-
to-Pay value, because they have already purchased a house for their residential purposes. 
The additional demand in Cluster 3 is intended for housing speculation. Similarly, Clus-
ter 7 consisted of speculators who participate in the housing market with the intention to 
invest, which leads to the level of WP for this cluster being lower than that of the first-time-
buyers and/or participants-by-demand.

In the out-of-capital area, cluster 4 is made up of the first-time buyers, and cluster 2 
consists of the participants-by-demand. Because the out-of-capital housing prices are lower 
than the capital area, the households living in the out-of-capital region could afford their 
favorite house with a small proportion of their affordable budget. Therefore, the overall WP 
level of clusters 2 and 4 is lower than the corresponding clusters with the same type in the 
capital region. At the same time, the speculators in the out-of-capital area (cluster 6) have 
a slightly lower Willingness-to-Pay value than cluster 7, because cluster 6 speculates on 
cheaper out-of-capital houses.

6.2.5 � Calibration framework result

While we discuss the ablation studies in the above Sections, in this subsection, we 
describe the experiments conducted on the whole calibration framework. The calibra-
tion framework is originally designed as the combination of the dynamic calibration and 
the heterogeneous calibration. The two experiments conduct on the calibration frame-
work are presented in Table  11; one (Calibration Frameworka ) is for (Nt,Nk) = (2, 3) , 

Fig. 15   Statistics of agent state variables for each cluster are illustrated. The subcaptions contain the cluster 
index with the calibrated parameter value Willing-to-Pay assigned to the corresponding cluster. Agents who 
live in apartments are divided by seven clusters and the agents who do not reside in apartments are grouped 
as the last cluster
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and the other (Calibration Frameworkb ) is for (Nt,Nk) = (20, 30) . All the dynamic het-
erogeneous parameters are calibrated in both experiments.

The framework is designed such that when the dynamic parameters converges as 
the iteration increases, the heterogeneous parameters are expected to find the optimal 
parameter setting. However, the experimental result ( 0.123 ± 0.016 ) in Table 11 for the 
setting (Nt,Nk) = (2, 3) does not yield a better performance than the heterogeneous cali-
bration result ( 0.106 ± 0.015 ). We suspect that this poor performance occurs because the 
dynamic parameters are updated so often that the response surface of the heterogeneous 
calibration does not capture the global minimum. In other words, too rapidly switch-
ing dynamic parameters would cause the rapid fluctuation of the response curve for the 
heterogeneous calibration, in which this fluctuation eventually results the degraded per-
formance. When we design the hyperparameters (Nt,Nk) = (20, 30) , the rapid fluctuation 
on the response curve does not occur. Therefore, with this set of hyperparameters, the 
calibration framework outperforms both the dynamic calibration ( Nk = 0 ) and heteroge-
neous calibration ( Nt = 0 ), as shown in Table 11.

Figure  16 presents the simulation errors of the calibration frameworkb based on 
calibration iterations. First, nearly 80 iterations are required before the random search 
matches the human calibration result, and no significant improvement is made on the 
later iterations. Second, the calibration frameworkb outperforms the human calibration 
within 20 iterations, on average. After superseding the human calibration, the calibra-
tion frameworkb saturates speedily. After 20 iterations of dynamic calibration and ten 
iterations of heterogeneous calication, the calibration performance saturates.

Figure 11 illustrates each dimension of the transaction numbers, where Fig. 11 pre-
sents the result of the experiment for Heterogeneous Calibrationa ( Kk = 2 ) with all 
the heterogeneous parameters to be calibrated, and for Calibration Frameworkb 
( Kk = 2 ) with all the parameters to be calibrated. As shown in Fig. 11a and Table. 11, 
the overall magnitude of Calibration Frameworkb best fits the validation. The Cali-
bration Frameworkb performs stably for all the output dimension with relatively less 

Fig. 16   The calibration frameworkb simulation MAPE is plotted in the x marked line. The calibration 
frameworkb first calibrates all three dynamic parameters for 20 iterations, with fixed heterogeneous param-
eters, and next calibrates all two heterogeneous parameters for 30 iterations, with previously calibrated opti-
mal dynamic parameters. The random search reaches to the human calibration error after 80 iterations, and 
saturates on the afterward iterations. The calibration framework achieves the human calibration error in 
short iterations, and saturates to nearly half of the human calibration error
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errors, specifically for dimensions (a) and (d), which can not be fitted through Human 
Calibration.

7 � Assumptions and limitations

This Section provides the assumptions and the limitations of the suggested calibration 
framework provided by Algorithm 1.

7.1 � Assumptions for calibration framework

Below is the enumeration of the assumptions we made in the proposed algorithms and sub-
sequent models from the machine learning field. An exhaustive examination would result 
in the assumption list being too long, and the possibility of the reader not differentiating 
among the importance of assumptions. Here, we particularly selects the assumptions that 
may affect the calibration performance significantly. 

	(A1)	 We assume that the heterogeneous parameters are differentiated by the agent clusters, 
rather than by the individual agents. This assumption is applied in Line 2 of Algo-
rithm 1, to reduce the time complexity. Furthermore, this assumption circumvents 
the over-parametrization problem by limiting the number of parameters (degree of 
freedom) to be calibrated.

	(A2)	 We assume that both the dynamic and heterogeneous parameters are bounded. The 
invalid parameter region is eliminated before the calibration stage. This assumption 
is applied to Line 9 of Algorithm 2, in estimating the posterior distribution as a beta 
distribution Beta(�m,l, �m,l) with bounded input.

	(A3)	 We use a mean-field assumption, which indicates the posterior shape parameters �m,l 
are independent on m and l and �m,l are independent on m and l. This assumption is 
applied to Lines 7-9 of Algorithm 2.

	(A4)	 We use the fixed set of the initial agent state variables in heterogeneous calibration. 
If the agent-level state variables at the initial step is not given from the real-world 
dataset, the fixed random seed would lead to the initial agent state variables being 
identical for all the simulation executions. Even though the initial agent state variables 
are identical, the simulation path deviates for the replications as the simulation time 
proceeds. This assumption is applied to Lines 2 of Algorithm 1.

	(A5)	 We assume that the target optimization parameters � are selected among unobservable 
model parameters before the calibration process.

	(A6)	 We assume that running the simulation model several times would eliminate the 
output stochasticity. This assumption is applied in Line 6 and 12 of Algorithm 1. A 
discussion of the noisy environment under the use of the evolution algorithm can be 
found in [16].

	(A7)	 We assume that the heterogeneous calibration generates the next parameter to be 
evaluated based on four criteria. The hyperparameters {�i}4i=1 determine which acquisi-
tion function to utilize among 1) random search, 2) predictive variance, 3) negative 
predictive mean and 4) weighted EI. This assumption is applied to Lines 13-21 of 
Algorithm 3.
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7.2 � Limitations from the assumptions and framework

In the previous Section, we list the assumptions of the proposed framework; these 
assumptions impose certain limitations of the calibration process. We conjecture that 
some of the following limitations originate from the enumerated assumptions. Further, 
we suggest that other limitations arise from either the simulation settings or calibration 
variable selections.

Over-parametrization If a simulation has too many parameters, the automatic cali-
bration algorithm would be likely to over-fit the parameters, and the calibration simply 
memorizes the observation dataset. Therefore, the automatic calibration could result in 
unrealistic parameters to optimize the validation error with excessive number of param-
eters. Hence, the automatic calibration users need to limit the number of calibration 
parameters by weighing in on the degree of freedom from the parameters and the valida-
tion data availability.

When the simulation divergence arise based on time and heterogeneity, the proposed 
calibration framework would reduce the divergence between the simulation and real 
world. However, the increment in the optimization dimension would be significant if we 
calibrate the dynamically varying parameters or the agent-specific varying parameters. 
Hence, the proposed calibration is designed to limit the degree of freedom by extracting 
the hidden structures, using machine learning algorithms. The hidden regimes Kt regu-
late the parameter variability in the dynamic calibration, and the hidden agent clusters 
Kk restrain the optimization infeasibility. In this aspect, with carefully selected machine 
learning hyperparameters Kt and Kk , over-parametrization [87] can be partially miti-
gated in the proposed calibration framework.

Over-fitting Besides of over-parametrization, another source of over-fitting is on the 
dataset. First, the over-fitting arises when there are insufficient validation data instances. 
Many ABMs (in particular, socio-economics case) target the phenomena that are not 
repeatable or that are expensive to replicate in an identical scenario, and this practical 
limitation only permits the calibration task to have a few-shot instances. In this paper, 
we assume the available dataset is only a single instance xobs , so the calibration becomes 
particularly vulnerable to the data quantity. With a single instance, calibration is likely to 
memorize that instance, instead of capturing the true hidden dynamics lying beneath xobs.

When the calibrated simulation mimics the observation, which is just a randomly 
selected sample path out of the various real-world possibilities, then the estimated 
parameters will be incorrect. Therefore, we limit our calibration framework to in-sample 
validation, with the aim of maximizing the agreement between the simulation and the 
collected real-world dataset. To expand the applicability of the proposed framework, 
the regularization technique or Bayesian approach to calculate the discrepancy by 
�x∈N(xobs ,�)

[d(��[M(�;�)], x)] is needed in the future work.
Second, the over-fitting occurs when the gathered data is noisy. Since we are not 

aware of the potential observation noise, wealth distribution ABM defines its valida-
tion dataset xobs as the average of 1000 simulation replications with synthetic parameter. 
This synthetic dataset restricts the source of observation noise as either the simulation 
stochasticity and the pre-defined synthetic parameter. Other source of observation noise 
is eradicated in wealth distribution ABM. This is the reason of testing the suggested 
framework on such toy ABM.

In addition, agent-based model calibration often pre-process the observed dataset to 
generate a set of summary statistics to minimize the unnecessary noise. For instance, 
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[28] extracts the structural reduced-form summary statistics to minimize the obsdesrva-
tion noise embedded in the collected dataset. The reduced-form summary statistics only 
attain the qualitative structural information of the original observation, and the statistics 
discard the details of dynamic fluctuations in the original raw observation. Guerini and 
Moneta  [28] confirms whether the simulation attains the stylized facts of interest by 
quantitatively comparing the structural reduced-forms of the observation and simula-
tion. Here, the stylized facts are the macroscopic structural information.

Automatic calibration opacity In future, if the automatic calibration becomes a part of 
simulation models, the automatic calibration can be another black-box wrapping a simula-
tion model. However, in the current stage, automatic calibration is a separate algorithm that 
is applied to existing simulation models. Moreover, the calibrated parameters are explicitly 
provided to the calibration algorithm users; therefore, currently, the calibration model does 
not increase the opacity.

Mean-field assumption When adjusting dynamic parameters, the mean-field assumption 
described in Lines 7-9 of Algorithm  2 updates the parameter values separately without 
the joint consideration of the effects of the other parameters and other merged regimes. 
This mean-field assumption limits the usability of the suggested dynamic calibration in the 
ABMs with many unobservable dynamic parameters.

Number of agents The applicability of the heterogeneous calibration mainly lies in 
the ABM with many agents, because the learning process of the VAE requires a number 
of data instances (number of agents). The research on estimating the number of agents 
required to learn the latent representation is another field of machine learning [85]. The 
required number of agents depends on two factors: the dimension Q × T  of the agent states 
xa and the simulation complexity. As the dimension increases and the simulation complexi-
fies, the encoder and the decoder require deep networks and large amounts of neural net-
work parameters, to extract the valid representations. Then, it is required to have many 
agents (data instances) to estimate the neural network parameters properly.

Agent clustering With a fixed number of clusters Kk , let us assume that 
dc = min�k d

c(�k) is the minimum discrepancy with agent cluster assignments c = {ca}
A
a=1

 , 
where ca ∈ {1, ...,Kk} . Then, there exists an optimal cluster assignment c∗ = {c∗

a
} , with 

c∗
a
∈ {1, ...,Kk} , that yields the lowest minimum discrepancy dc∗ = min

c
dc . The joint con-

sideration of the agent clustering process with the optimization problem to obtain the opti-
mum cluster c∗ , is not considered in heterogeneous calibration. Because dc depends heavily 
on how c is assigned, future work should embed the agent clustering process within the 
optimization procedure.

Kernel choice The function space that the GPR can regress is given as 
{g(x) =

∑n

i=1
�i�(x, xi)�n ∈ ℕ, �i ∈ ℝ} [63]. This indicates that the kernel function affects 

the differentiability of the inferred surrogate function. Specifically, the Matern kernel with 
hyperparameter � represents the function space consisting of (⌈�⌉ − 1)-times differentia-
ble functions. However, the regularity of the discrepancy cannot be uncovered for generic 
ABMs, because the effect of the internal structure and the parameters on the simulation 
output is not known [22]. Under such limited insight into the discrepancy function, selec-
tion of the hyperparameter � could lead to failure in approximating the discrepancy func-
tion. An alternative (but not interpretable) way to impose kernel is the spectral kernel [90], 
which implicitly trains the Fourier dual of the kernel function.

Bayesian optimization The surrogate function may not represent the possibly non-
smooth discrepancy function, due to the wrong regularity hyperparameter � in kernel. 
Because a single acquisition function in such case fails to capture the global optimum, 
we suggest a mixed strategy for selecting an acquisition function. The suggested mixed 
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strategy has a major disadvantage, in that the hyperparameters �1 , �2 , and �3 are manually 
chosen.

Compact parameter space Bounding the proper parameter space crucially affects the 
calibration performance. The search domain is manually selected from the whole feasi-
ble parameter space, and this manual setting can restrict the applicability of the suggested 
framework.

Underdeterminedness Formulating the calibration using an optimiza-
tion problem, as in Eq.  1, may have multiple global minimum parameters; i.e., 
�∗ = {�∗|argmin�∈�d(��∈�[M(�;�)], xobs)} is not a singleton. We acknowledge that this 
is a crucial problem, especially in the calibration task with sparse dataset, because there is 
no guide to select the optimal parameter among �∗ , except the performance, as measured 
from xobs . The domain expert can mitigate this underdetermined system by implementing 
calibration multiple times and choosing the optimal parameter out of the calibrated set of 
parameters by using domain knowledge.

Currently, there is another line of research in the simulation calibration community: 
ABC. The ABC solves the calibration by inferring the posterior distribution of the param-
eter p(�|xobs) , and this Bayesian inference provides the overall distribution of how the 
parameter is likely to generate the observed data. Therefore, the Bayesian inference algo-
rithms can resolve the underdeterminedness.

Calibration of neither dynamic nor heterogeneous parameters In this study, we focus on 
the calibration of the dynamic and heterogeneous parameters. The parameters that are nei-
ther dynamically varying nor heterogeneously shifting are calibrated in the process of the 
heterogeneous calibration, because the heterogeneous calibration, excluding the agent clus-
tering phase, is basically the process of surrogate-based model calibration. The surrogate-
based model calibration using the BO and GPR can calibrate both continuous-valued and 
discrete-valued generic parameters.

8 � Conclusion

In this paper, we propose an automatic data-driven calibration framework for the dynamic 
and heterogeneous parameters of a simulation world by extracting the hidden structures 
from the simulation outputs. The dynamic calibration controls the dynamically switching 
parameters by extracting the hidden dynamic regimes, and treating each regime separately. 
The heterogeneous calibration adjusts the agent cluster-wise heterogeneous parameters 
by extracting the hidden agent-subpopulations. The experimental results for both types of 
calibration demonstrate that the proposed separate calibrations, with plausible estimated 
parameters, reduced the simulation error. The calibration framework, the combination of 
the dynamic and heterogeneous calibration yielded the expected results in both test cases, 
with both the keep-it-simple-and-stupid (KISS) model, as well as the elaborate and com-
plex model of housing markets.

It should be noted that the proposed automatic calibration was specifically designed for 
the multi-agent systems, as one of the subroutines of the calibration included the cluster-
ing on the agent population for the segmented values of the heterogeneous parameters. If 
we generalize this agent-specific routine to represent the general simulation model’s build-
ing blocks, this proposed calibration could be one special example of a general calibration 
framework.
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